
Maxwell's	Equa-ons	to	the	wave	equa-on	

•  The	induced	polariza-on,	P,		contains	the	effect	of	the	medium:		

	

•  Derive	the	wave	equa-on:	
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Maxwell's	Equa-ons	to	the	wave	equa-on	

•  Finish	deriva-on	of	the	wave	equa-on	

•  For	a	plane	wave	traveling	in	the	z-direc-on,	
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“Inhomogeneous 
Wave Equation”

Other	geometries	dictate	how	to	
deal	with	the	Laplacian	operator	



Maxwell's	Equa-ons	in	a	Medium	
•  The	induced	polariza-on,	P,		contains	the	effect	of	the	medium:		

• 	Sinusoidal	waves	of	all	frequencies	are	solu-ons	to	the	wave	equa-on	
• 	For	linear	response,	P	will	oscillate	at	the	same	frequency	as	the	input.	

• 	Then	once	we	know	the	suscep-bility	χ,	we	can	calculate	the	dielectric	constant	and	
the	refrac-ve	index:	
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•  If	the	medium	is	anisotropic,	i.e.	birefringent,	the	
magnitude	of	the	induced	polariza-on	is	s-ll	
propor-onal	to	the	incident	field	
–  But	now	the	suscep-bility	is	a	tensor	

–  In	this	case,	the	medium	re-orients	the	direc-on	of	the	
displacement	vector	

–  If	the	coordinate	system	is	chosen	to	diagonalize	the	
dielectric	tensor,		

Linear	WE,	anisotropic	medium	
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Connec-ng	the	macroscopic	to	the	
microscopic	response	
So determining the gain or loss coefficient depends on calculating the 
macroscopic induced polarization P or equivalently the susceptibility χ. 

   P E( ) = ε0χE = Nap

Note that the macrosopic polarization is really a density of individual dipole 
moments on the microscopic scale. 
Recall:

So if the electric field is linearly 
polarized in the x-direction, then

  P t( ) = Nap t( ) = −Nae x t( )

p = qr

+	-	

Eapplied	

r	

Here we treat x(t) as the position of the electron. 



Spring	model	for	dipole	response	

•  Model:	driven	SHO	with	damping	

 mex t( ) = −eE t( )−meω 0
2x t( )− 2meγ x t( )

 me!!x t( ) +meγ !x t( ) +meω 0
2x t( ) = −eE0e
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x t( ) = x0e− iω tlet	 x	must	oscillate	at	driving	frequency,	not	at	
resonance	frequency	

−meω
2x0 − iω meγ x0 +meω 0

2x0 = −eE0 e− iω t drops	out	
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x	is	fcn	of	t,	but	the	
amplitude	x0	
depends	on	ω	

External	driving	field,	
specific	ω	

Restoring	force,	resonant	
at	ω0	

Radia-on	damping	term	γ	



Spring	model	for	dispersion	

•  Now	we	can	go	from	the	microscopic	response	x(t)	to	the	macroscopic	χ	
and	n	
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Note	that	this	gives	us	the	frequency	response	of	the	system.		



Spring	model:	refrac-ve	index	

•  Linear	suscep-bility	yields	the	refrac-ve	index:	

•  Solve	for	the	Re	and	Im	parts:	

•  Near	a	resonance,		
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Complex	refrac-ve	index	near	resonance	

	
	

•  For	low	atomic	density	(e.g.	gas)		 n ≈1
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Complex	refrac-ve	index	

• When	the	incident	light	is	near	resonance,	both	Re	
and	Im	parts	of	n(ω)	are	important.		
–  What	is	the	meaning	of	a	complex	refrac-ve	index?		
–  For	a	plane	wave	propaga-ng	in	the	z-direc-on:	
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refrac-ve	index	for	real	gases	

n2 = 1+ Nae
2

ε0me

f j
(ω j

2 −ω 2 − iωγ j )j
∑ Zf

j
j =∑

f	=	oscillator	strength	
•  In	a	real	atom	or	molecule,	there	are	many	resonances	

hap://www.ece.tucs.edu/research/mm-smm/facility/gases.html	



Transfer	func-on	and	impulse	response	

•  Treat	the	material	as	a	linear	system	

•  We	could	treat	the	whole	expression	in	blue	as	the	frequency	
response.	But	then	it	would	be	nonlinear	with	respect	to	z.		

•  For	a	physical	interpreta-on,	it	is	beaer	to	look	at	the	impulse	
response	of	the	microscopic	system:		

E z,ω( ) = E0 ω( )ei k ω( )z = E0e
iω
c
nR ω( )+i nI ω( )( )z

= E0e
iω
c
nR ω( )z
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1
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Tilted	window:	ray	propaga-on	

•  Calculate	phase	shic	caused	by	the	inser-on	of	the	window	
into	an	interferometer.		

•  Ray	op-cs:		
–  Add	up	op-cal	path	for	each	segment	
–  Subtract	op-cal	path	w/o	window	

–  Use	Snell’s	Law	to	reduce	to:	

n1	

θ1	

Lw	

n2	

θ2	 z	

Reference	line	

A	

C’	

B	

n1	

B’	 C	

Δd = nLAB + LBC − LA ′B − L ′B ′C

LBC = L ′B ′C + LB ′B sinθ1

LAB =
Lw
cosθ2

LA ′B = Lw
cosθ1

Δd = nLw cosθ2 − Lw cosθ1



Tilted	window:	wave	propaga-on	

•  Write	expression	for	-lted	plane	wave	

•  Snell’s	Law:	phase	across	surfaces	is	conserved	

•  This	approach	can	be	used	
				to	calculate	phase	of	prism		

				pairs	and	gra-ng	pairs	

Δφ = k2 cosθ2( )Lw − k1 cosθ1( )Lw

n1	

θ1	

Lw	

n2	

θ2	 z	

Reference	line	

A	

C’	

B	

n1	

B’	 C	

E x, z( ) = E0 exp i kxx + kzz( )⎡⎣ ⎤⎦ = E0 exp iω
c
n xsinθ2 + zcosθ2( )⎡

⎣⎢
⎤
⎦⎥

kxx =
ω
c
nsinθ is	constant	



Mul/ple-beam	interference:		
The	Fabry-Perot	Interferometer	or	Etalon	
A	Fabry-Perot	interferometer	is	a	pair	of	parallel	surfaces	that	reflect	beams	back	and	forth.	
An	etalon	is	a	type	of	Fabry-Perot	etalon,	and	is	a	piece	of	glass	with	parallel	sides.	
The	transmiaed	wave	is	an	infinite	series	of	mul-ply	reflected	beams.	



Linear	systems	approach	to	the	FP	

•  As	with	any	linear	device,	we	can	represent	its	ac-on	
in	either	the	temporal	or	frequency	domain	
–  Frequency	domain:	H(ω)	=		transfer	func-on	
–  Time	domain:	h(t)	=	impulse	response	

•  First	we	will	start	with	the	conven-onal	approach:		
–  Incident	monochroma-c	plane	wave	

–  Calculate	transmiaed	amplitude	and	phase	for	H(ω)	

•  Then	we	should	be	able	to	calculate	impulse	
response:		
–  h(t)	=	FT-1{	H(ω)	}		



δ	=	round-trip	phase	delay	inside	medium	=	k0(2	n	L	cos	θt)	

r, t	=	reflec/on,	transmission	coefficients	from	air	to	glass	
r’, t’ =	 	“ 	 	“ 								“										from	glass	to	air	

Incident	wave:	E0

Reflected		
wave:	E0r

Transmiaed		
wave:	E0t   t ′t eiδ /2 ′r( )2

eiδ E0

n	 n	=	1	n	=	1	

Calcula/on	of	the	FP	frequency	response	

Transmiaed	wave:	

Reflected	wave:	

 
E0r = rE0 + t ′t ′r eiδE0 + t ′t ′r ′r( )2 eiδ( )2 E0 +…

 
E0t = t ′t e

iδ /2E0 1+ ′r( )2 eiδ + ′r( )2 eiδ( )2 + ′r( )2 eiδ( )3 +…( )

  t ′t eiδ /2 E0

  
t ′t eiδ /2 ′r( )2

eiδ( )2

E0

  
t ′t eiδ /2 ′r( )2

eiδ( )3

E0

δ ω( ) =ω 2nL
c
cosθt ω( ) ≈ω 2L

c
cosθi for	n=1	



Stokes	rela/ons	for	reflec/on	and	transmission	

Eoit( ) ′r + Eoir( ) t = 0
∴ ′r = −r

Eoi = Eoir( )r + Eoit( ) ′t

∴ t ′t =1− r2

Notes:	
• 	rela/ons	apply	to	angles	connected	by	Snell’s	Law	
• 	true	for	any	polariza/on,	but	not	TIR		
• 	conven/on	for	which	interface	experiences	a	sign	change	can	vary	

“Time	reversal:”	
Same	amplitudes,	
reversed	propaga-on	
direc-on	

=	



Fabry-Perot	transfer	func/on	

The	transmiaed	wave	field	is:	

  

E0t = E0

1− r 2( )eiδ /2

1− r 2eiδ = E0 ω( )
1− r 2( )exp iω L

c
cosθ i

⎡
⎣⎢

⎤
⎦⎥

1− r 2 exp iω 2L
c

cosθ i

⎡
⎣⎢

⎤
⎦⎥

≡ E0 ω( )H ω( )

 
xm

m=0

∞

∑ = 1+ x + x2 + x3 +!= 1− x( )−1For |x|<1:�

′r = −r
′r 2 = r2

t ′t = 1− r2

Stokes’ 
rela-ons	

 

E0t = t ′t e
iδ /2E0 1+ ′r( )2 eiδ + ′r( )2 eiδ( )2 + ′r( )2 eiδ( )3 +…( )

= t ′t eiδ /2E0 1+ r
2eiδ + r2eiδ( )2 + r2eiδ( )3 +…( )

Perform	sum	over	infinite	series:	
Let		 x = r2eiδ E0t = t ′t e

iδ /2E0 r2eiδ( )m
m=0

∞

∑ = 1− r2( )eiδ /2E0 xm
m=0

∞

∑



FP	impulse	response	

•  Simple	case:	n	=	1,	normal	incidence	

•  FT-1	to	get	impulse	response	
  

H ω( ) =
1− r 2( )exp iω L

c
cosθ i

⎡
⎣⎢

⎤
⎦⎥

1− r 2 exp iω 2L
c

cosθ i

⎡
⎣⎢

⎤
⎦⎥

→ 1− r 2

1− r 2 eiω TRT

Dropping	common	term:	

eiωTRT /2

TRT = 2L / c

  
H ω( ) = 1− r 2

1− r 2 eiω TRT
= 1− r 2( ) r 2eiδ( )m

m=0

∞

∑

  
h t( ) = FT −1 H ω( ){ } = 1− r 2( ) r 2mFT −1 eimωTRT{ }

m=0

∞

∑

  
h t( ) = 1− r 2( ) r 2mδ t − mTRT( )

m=0

∞

∑



FP	impulse	response	in	high	reflec-vity	limit	

•  When	the	reflec-vity	is	high,	very	liale	is	transmiaed	through	
the	output	on	each	reflec-on	

•  We	can	represent	this	as	a	-me	dependent	loss	func-on:		

r2 = R Power	reflec-vity	

Rm = 1−T( )m ≈ 1−mT( ) ≈ e−2mγ γ = − lnT = − ln 1− R( )

Logarithmic	cavity	loss	(single	
pass)	

L t( ) = e− t /τ c Cavity	life-me:		 τ c = TRT / 2γ

  
h t( ) = 1− r 2( ) r 2mδ t − mTRT( )

m=0

∞

∑ → 1− r 2( )Θ(t)e− t /τ c comb t / TRT( )

		
comb t /T( )≡ δ t −nT( )

n=−∞

∞

∑where	



Fabry-Perot	power	transmission	

Power	transmiaance:	

  

T ≡
E0t

E0

2

=
1− r 2( )eiδ /2

1− r 2eiδ

2

=
1− r 2( )2

(1− r 2e+ iδ )(1− r 2e− iδ )

  
= (1− r 2 )2

{1+ r 4 − 2r 2 cos(δ )}
⎡

⎣
⎢

⎤

⎦
⎥ =

(1− r 2 )2

{1+ r 4 − 2r 2[1− 2sin2(δ / 2)]}
⎡

⎣
⎢

⎤

⎦
⎥ =

(1− r 2 )2

{1− 2r 2 + r 4 + 4r 2 sin2(δ / 2)]}
⎡

⎣
⎢

⎤

⎦
⎥

Dividing	numerator	and	denominator	by	

  
T = 1

1+ F sin2 δ / 2( )   
F = 2r

1− r 2

⎡

⎣
⎢

⎤

⎦
⎥

2

where:	

2 2(1 )r−

  
E0t = E0

1− r 2

1− r 2eiδ eiδ /2



Mul/ple-beam	interference:		simple	limits	

Reflected	waves	
	
Full	transmission:			sin(	)	=	0,	d	=	2	π	m		

Minimum	transmission:	sin(	)	=	1,	d	=	2	π	(m+1/2)		

  
T = 1

1+ F sin2 δ / 2( )
1st	reflec-on	

} internal	
reflec-ons	

Destruc;ve	interference	for	
reflected	wave	

Construc;ve	interference		
for	reflected	wave	



Etalon	transmiTance	vs.	thickness,	wavelength,	

or	angle	

• 	The	transmiaance	varies	significantly	with	thickness	or	wavelength.	

• 	We	can	also	vary	the	incidence	angle,	which	also	affects	δ.		
• 	As	the	reflectance	of	each	surface	(R=r2)	approaches	1,	the	widths	of	the	
high-transmission	regions	become	very	narrow.	

  
T = 1

1+ F sin2 δ / 2( )
Transmission	max:			sin(	)	
=	0,	d	=	2	π	m		

δ = ω
c
2nL cos θt[ ]

= 2πm

At	normal	incidence:	

λm = 2nL
m

nL = m λm

2
or	



The	Etalon	Free	Spectral	Range	

λFSR	=	
Free	Spectral	

Range	

The	Free	Spectral	Range	is	the	wavelength	range	between	transmission	maxima.	

4πnL
λ1

− 4πnL
λ2

= 2π ⇒ 1
λ1

− 1
λ2

= 1
2nL

= λ2 −λ1
λ1λ2

2
12

12

λλλ
λλλ

≈

=− FSR λFSR ≈
λ2

2nL

For	neighboring	orders:	

λFSR	

λFSR

λ
= λ
2nL

= νFSR

ν
νFSR ≈

c
2nL

1/(round	trip	-me)	



Etalon	Linewidth	

The	Linewidth	δLW	is	a	transmiaance	peak's	full-width-half-max	(FWHM).		
	
	
	
	
A	maximum	is	where 	 	 	and	
	
Under	these	condi-ons	(near	resonance),		
		
	
	
This	is	a	Lorentzian	profile,	with	FWHM	at:		
																
	
	
This	transmission	linewidth	corresponds	to	the	minimum	resolvable	wavelength.	
	

  
T = 1

1+ F sin2 δ / 2( )

  

F
4

δ LW

2
⎛
⎝⎜

⎞
⎠⎟

2

= 1 ⇒ δ LW ≈ 4 / F

δ / 2 ≈ mπ + ′δ / 2 sin2 δ / 2( ) ≈ ′δ / 2

  
T = 1

1+ F ′δ 2 / 4



Etalon	Finesse	

The	Finesse	is	the	number	of	wavelengths	the	interferometer	can	resolve.	

  
F = 2r

1− r 2

⎡

⎣
⎢

⎤

⎦
⎥

2

taking	 1r ≈

δ	=	2π	corresponds	
to	one	FSR	

2/4
2 F
FFW

FSR ππ
δ
δ ==≡ℑ

21 r−
=ℑ π

The	Finesse,			,	is	the	ra-o	of	the		
Free	Spectral	Range	and	the	Linewidth:	

	 	 		

ℑ

Using:		



Comb	func-on	

•  Define	the	comb	func-on	

•  A	pulse	train	can	be	wriaen	as	a	convolu-on	
		
comb t /T( )≡ δ t −nT( )

n=−∞

∞

∑

		
f t( )⊗δ t −T( ) = f t −t '( )

−∞

∞

∫ δ t '−T( )dt '= f t −T( )

⊗

		e
−t2/t02 ⊗comb t /T( )

è	

⊗ è	

-4T		-3T	-2T		–T				0					T				2T		3T		4T	

.			.			.	.			.			.	



Array	theorem:	FT	of	comb(	)	

•  Basic	FT	is	straighqorward:	

	
•  This	is	actually	a	comb	func-on	also		

•  Since	comb(	)	is	a	periodic	func-on	(period	T),	we	can	write	as	
a	Fourier	series:		

		
f t( ) = comb t /T( )≡ δ t −nT( )

n=−∞

∞

∑
	
F ω( ) = FT δ t −nT( ){ }=

n=−∞

∞

∑ eiω nT
n=−∞

∞

∑

		
f t( ) = c

n
ei2π nt/T

n
∑

		
c
n
= 1
T

f t( )e− i2π nt/T
−T/2

T/2

∫ = 1
T

δ t( )e− i2π nt/T
−T/2

T/2

∫

–T/2									T/2	
Integrate	over	one	period,	but	we	can	extend	integral	to	±∞	

		
c
n
= 1
T 		

∴comb t /T( ) = 1
T

e2πnt/T
n=−∞

∞

∑



Array	theorem	(cont)	

•  Now	take	FT:	

•  So	FT{comb}	=	comb	
–  Frequency	spacing	Δω=2π/T		or		Δν=1/T	

		
f t( ) = comb t /T( ) = 1

T
e2πnt/T

n=−∞

∞

∑

		
F ω( ) = 1

T
FT e2πnt/T{ }= 1Tn=−∞

∞

∑ 2πδ ω + 2πn
T

⎛
⎝⎜

⎞
⎠⎟n=−∞

∞

∑

		
F ω( ) = 2π

T
comb

ω
2π T

⎛
⎝⎜

⎞
⎠⎟



Spectrum	of	a	pulse	train	

•  Gain	envelope	on	longitudinal	mode	spectrum	

		e
−t2/t02 ⊗comb t /T( )

		

FT e−t
2/t02 ⊗comb t /T( ){ }

= e−t0
2ω2/4 comb ω /Δω( )

X	 =	

T	is	pulse	spacing	=	round	trip	-me	in	laser	resonator	
Δν=1/T	=	spacing	of	peaks	in	frequency	
				=	longitudinal	mode	spectrum		



Spectrum	of	a	pulse	train	
•  Reverse	reasoning:	mul-ply	gain	envelope	on	longitudinal	

mode	spectrum	

exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

comb ω /δω( ) exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
⋅comb ω /δω( )

FT exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
⋅comb ω /δω( )

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= FT exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
⊗ 1
δω

comb t / (2π /δω )( )

Gain	spectrum	

Longitudinal	mode	spectrum	

Pulse	train	output	



Another	calcula-on	of	the	transfer	func-on	

•  With	this	low	cavity	loss	representa-on	of	the	impulse	
response,	FT	to	get	to	H(ω)	

  h t( ) = 1− r 2( )Θ(t)e− t /τ c comb t / TRT( ) = 1− r 2( ) f t( )g t( )

  
H ω( ) = FT h t( ){ } = 1− r 2( ) 1

2π
F ω( )⊗G ω( )

F ω( ) = e− t /τ ceiωt dt
0

∞

∫ = e− t /τ c+iωt

−1/τ c + iω 0

∞

= 1
1/τ c − iω

Complex	Lorentzian	

G ω( ) = FT comb t /TRT( ){ } = 2πTRT comb
ω

2π /TRT

⎛
⎝⎜

⎞
⎠⎟


