Homework 5
Section 4.2 12; Section 4.3 10a, 10e; Section 4.4 8

4.2.12 (10 pts) Prove the following proposition:

For all sets A, B, and C that are subsets of some universal set,
ifANB=ANC and A°NB=A°NC, then B =C.

Proof. In order to show the set equality, we will show B C C' and C C B.

B CC: Let be B. Then eitherbe Aorb¢ A

Case 1: be A- Thenbe ANB=be ANC=beC. Thus, BCC.
Case 2: bZ A- Thenbe A°=be A°NB=beA°NC=0beC. Thus, BCC.

C CB: Let ce C. Then eitherce Aorc¢g A

Case 1: c€ A- Thence ANC=ce ANB=ce€ B. Thus, C C B.
Case 2: c¢ A- Thence A°=cec A°NC=ce A°NB=ce B. Thus, C C B.

Therefore, we see in all cases B C C'and C C B. Thus B=C.

4.3.10 (10 pts) Let A and B be subsets of some universal set U. Prove or disprove each of the following;:
a. A—(ANB°) =(ANB)
Proof. Using properties of set operations, we have
A—(ANB)=AnN(AnB*
=AN(A°UB)
=(ANA)U(ANB)

=gU(ANB)
=ANB

e. (AUB)—(ANB)=(A—B)U(B—-A)
Proof. Using properties of set operations, we have

(AUB)—-(ANB) =

AUB)N (AN B)°

AUB)N (AU B°)
(AUB)NA°)U((Au B)N B°)
(ANA)U(BNA%))U((ANB°) U (BN BY))
U(BNA))U((ANB)UL)

BN A°)U (AN B°)

B—-A)U(A-B)

A—-B)U(B—-A)

o~ o~ o~ o~ o~ o~ o~ o~



4.4.8 (10 pts) Let A and B be nonempty sets. Prove that A x B = B x A if and only if A = B.

Proof.

=: We will assume A x B = B x A and show that A = B.
Let a € A. Then for all b € B,

(a,b) ¢ AxB= (a,b)e Bx A= a€ B.

Thus A C B.
Similarly, for b € B, for all a € A,

(b,a) e Bx A= (bja)e AXxB=>bec A.

Thus, B C A and we see that A = B.

«<: We will assume A = B and show that A x B =B x A.
Let (a,b) € Ax B. Then fora € A=ac Bandforbe B=0b¢c A.
Thus, (a,b) € Bx A= Ax BC B x A.
Similarly, for (b,a) € B x A, we also have (b,a) € A x B.
Thus, B x A C A x B and therefore A x B = B x A.

Note: This proof, if worded carefully, can be shortened considerably.

=: Let (a,b) e AxB<aec Aand be B.
Since Ax B=B x A, (a,b) e Bx A= a¢€ Bandbe A. Thus, A= B.

<: Since A = B, we have foralla € Aand allb€ B, a € B and b € A.
Thus for all (a,b) € A x B, (a,b) € B x A and for all (b,a) € B x A, (b,a) € A x B.
Thus, A x B= DB x A.



