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a) Vo=—4|—=—
2z\m 27
or,
v, =21.6 Hz (1)
1 2z
T, =—=—— secC
v, 10
or,
®
1 2 1 4 2
b) E=—kA" =—x10" x3" dyne-cm
2 2
so that
E=45x10* erg (3)

c) The maximum velocity is attained when the total energy of the oscillator is equal to the
kinetic energy. Therefore,

max

2x4.5x%x10*
Vmax =
\/ 100

=30 cm/ sec| (4)

% mo’, =45x10* erg

or,

v

max

3-2.
a) The statement that at a certain time t =f, the maximum amplitude has decreased to one-
half the initial value means that

_ 1
|xen :Aoe s :EAO (1)
or,

e == (2)

N | —

so that



Sincet, =10 sec,

|ﬂ =6.9x107 sec™ |

b) According to Eq. (3.38), the angular frequency is

where, from Problem 3-1, @, =10 sec”'. Therefore,

», = \/(10)2 ~(6.9x107)°

= 10[1—%(6.9)2 x 10'6} sec!

so that

v, = 10 (1-2.40x107°) sec™
"o

which can be written as
v =1, (1-96)
where
5=240x107
That is, v, is only slightly different from v, .

c) The decrement of the motion is defined to be ¢’ where 7, =1/v; . Then,

3-7.

Let A be the cross-sectional area of the floating body, &, its height, i, the height of its
submerged part; and let pand p, denote the mass densities of the body and the fluid,
respectively.

The volume of displaced fluid is therefore V = Ah,. The mass of the body is M = pAh,.

(3)

(4)

(5)

(7)



There are two forces acting on the body: that due to gravity (Mg), and that due to the fluid,
pushing the body up (-p,8V =-p,gh,A).

The equilibrium situation occurs when the total force vanishes:

0=Mg-p8gV

= pgAh, — pygh.A 1)

which gives the relation between h, and 5, :
ho=h, £ @

For a small displacement about the equilibrium position (1, — h, + x), (1) becomes

Mi = pAhyi = pgAh, — p,g (h, +x) A (3)
Upon substitution of (1) into (3), we have
PAhX =—p,gxA 4)
or,
X+g £ x=0 )
ph,

Thus, the motion is oscillatory, with an angular frequency

2 p 8 8A
=Q0— == 6
ot =g BB ©)

S

where use has been made of (2), and in the last step we have multiplied and divided by A. The
period of the oscillations is, therefore,

1) gA

Substituting the given values, 7=0.18 s.

3-11. The total energy of a damped oscillator is

(1) = (0] + 2 ke(t) M

where
x(t) = Ae™” cos(aw,t - 5) (2)
x(t)=Ae” [—,B cos(@,t — 5) - w, sin(o;t - 5)] 3)

k
wllea)(z)_ﬁz ’ woz\/%



Substituting (2) and (3) into (1), we have

2
E(t)= A pom [(mﬂz + k) cos’ (@t — &)+ ma; sin® (@t - J)

e (4)
+2m o, sin(w,t - 5) cos(wt - ) |
Rewriting (4), we find the expression for E(t):
2
E(t)= % e [ﬁ cos2(o,t - 8)+ pJal — F sin2(w,t - 5)+ aﬂ 5)
. o . . dE

Taking the derivative of (5), we find the expression for —:

EZTe [(Zﬂa)o —4ﬁ3) cosZ(a)lt—é') ©)

— 4 J&l — F sin2(wyt-5), - 2,80)2J

The above formulas for E and dE/dt reproduce the curves shown in Figure 3-7 of the text. To

find the average rate of energy loss for a lightly damped oscillator, let us take £ < @, . This
means that the oscillator has time to complete some number of periods before its amplitude

decreases considerably, i.e. the term ¢ does not change much in the time it takes to complete
one period. The cosine and sine terms will average to nearly zero compared to the constant term
in dE/dt , and we obtain in this limit

dE
dt

= —mpPBw; A’

3-13. For the case of critical damping, f= @, . Therefore, the equation of motion becomes

X+2B%+ fx=0 (1)
If we assume a solution of the form
x(#)=y(H)e” 2)
we have
t=ye " - pye”
3)

=i —2pBye " + fye
Substituting (3) into (1), we find
ye ' —2B8ye™” + prye ' + 2Bye” -2 ye ' + frye ' =0 (4)
or,
y=0 (5)

Therefore,



and

y(t)=A+Bt

x(t)=(A+Bt)e™”

which is just Eq. (3.43).

3-14. For the case of overdamped oscillations, x(t) and x(t) are expressed by

x(t)=e” [Ale“’zt + A2e’“’2t]

X(t) e Pt [_ﬁ(Alewzt i +Aze—wzt) +(A1a)ze‘”2t —Azwze“"zt)}

where ®, =/ - @ . Hyperbolic functions are defined as

or,

V4oV v _ oY
Coshyze +2€ , sinhyze 26

e’ =cosh y +sinh y

e =coshy—sinhy

Using (4) to rewrite (1) and (2), we have

and

x(t)=(cosh pt —sinh ,Hif)l:(A1 + A, )cosh w,t +(A, — A,)sinh a)zzq

i(t)=(cosh Bt —sinh ﬂt)[(Alwz — A,B)(cosh w,t +sinh w,t)

—(A2ﬂ+ Aza)z)(cosh ,t —sinh a)zt)]

(6)

(7)

(1)
()

(3)

(4)

(5)

(6)



