CHAPTER I

ELECTROSTATICS OF DIELECTRICS

§6. The electric field in dielectrics

W E SHALL now go on to consider a static electric field in another class of substances, namely
dielectrics. The fundamental property of dielectrics is that a steady current cannot flow in
them. Hence the static electric field need not be zero, as in conductors, and we have to
derive the equations which describe this field. One equation is obtained by averaging
equation (1.3), and is again

curl E=0. 6.1)
A second equation is obtained by averaging the equation div e = 4np:
div E = 4np. 6.2)

Let us suppose that no charges are brought into the dielectric from outside, which is the
most usual and important case. Then the total charge in the volume of the dielectric is zero;
even if it is placed in an electric field we have {pdV = 0.This integral equation, which must
be valid for a body of any shape, means that the average charge density can be written as
the divergence of a certain vector, which is usually denoted by —P:

5= —divP, 63)

while outside the body P = 0. For, on integrating over the volume bounded by a surface
which encloses the body but nowhere enters it, we find {pdV = — [divPdV = — §P-df
—=0. P is called the dielectric polarization, or simply the polarization, of the body. A
dielectric in which P differs from zero is said to be polarized. The vector P determines not
only the volume charge density (6.3), but also the density ¢ of the charges on the surface of
the polarized dielectric. If we integrate formula (6.3) over an element of volume lying
between two neighbouring unit areas, one on each side of the dielectric surface, we have,
since P = 0 on the outer area (cf. the derivation of formula (1.9)),

a=P, 6.4)

where P, is the component of the vector P along the outward normal to the surface.
To see the physical significance of the quantity P itself, let us consider the total dipole
moment of all the charges within the dielectric; unlike the total charge, the total dipole

moment need not be zero. By definition, it is the integral ftpd V. Substituting p from (6.3)
and again integrating over a volume which includes the whole body we have

frpdV = — frdivFdy = - $r(df-P)+ {(P-gradyr dV.
The integral over the surface is zero, and in the second term we have (P-grad)r = P, so

t
tha {rpdVv = {PdV. 6.5)
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Thus the polarization vector is the dipole moment (or electric moment) per unit volume of
the dielectric.t
Substituting (6.3) in (6.2), we obtain the second equation of the electrostatic field in the

form
divD =0, (6.6)

where we have introduced a quantity D defined by
D = E + 4nP, 6.7)

called th'e electrfc indugion.The equation (6.6) has been derived by averaging the density of
charges m.the dielectric. If, however, charges not belonging to the dielectric are brought in
from outside (we shall call these extraneous charges), then their density must be added to
the right-hand side of equation (6.6):

divD = 4np,,. (6.8)

On the surface of separation between two different dielectrics, certain boundary
conditions must be satisfied. One of these follows from the equation curl E = 0. If the
surface of separation is uniform as regards physical properties.t this condition requires the
continuity of the tangential component of the field:

E, =E,; (6.9)

d.‘. the derivation of ?hc condition (1.7). The second condition follows from the equation
div D = 0, and requires the continuity of the normal component of the induction:

D, =D, {6.10)

For a discontinuity in the normal component D, = D, would involve an infinity of the
derivative D,/éz, and therefore of div D.

At a boundary between a dielectric and a conductor, E, = 0, and the condition on the
normal component is obtained from (6.8):

E, =0, D,=A4no,, 6.11)

where a,, is the charge density on the surface of the conductor; cf. (1.8), (1.9).

§7. The permittivity

In order that equations (6.1) and (6.6) should form a complete set of equations
determining the electrostatic field, they must be supplemented by a relation between the
induction D and the field E. In the great majority of cases this relation may be supposed
linear. It corresponds to the first terms in an expansion of D in powers of E. and its
correctness is due to the smallness of the external electric fields in comparison with the
internal molecular fields.

The linear relation between D and E is especially simple in the most important case, that

t It should be lfoticed t!ul the relation (6.3) inside the dielectric and the condition P = 0 outside do not in
themselves determine P uniquely; inside the dielectric we could add to P any vector of the form carl f. Theexact
form of Pcan be completely de.t.ermined only by establishing its connection with the dipole moment.

$ That is, as regard: p of the adjoining media. temp e, etc. If the dielectric is a crystal. the
surface must be a crystaliographic plane.
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SOLUTION. As in Problem 1, except that the ficld potentials in the two micdia are ¢, = -(2:/:,. Ylog r
—(2€/e,)logr, b, = —(2¢"/e,) log r, where e, €, ¢” arc the charges per unit iength of the wirc‘nnd of its images,
andr, 7 are the di in a planc perpendicular to the wire. The same expressions (1) are obtained for ¢, ¢”, and
the force on unit length of the wire is F = 2ee’/2he, = (¢, — £,)/he, (€, +£,).

ProsLem 3. Determine the field due to an infinite charged straight wircina medium_wilh pennittivity £,
lying paraile! to a cylinder with radius a and permittivity ¢,, at a distance b (> a) from its axis.t

SoLuTioN. Wemktheﬁddinmediumluthltproducedinlhomomneou_@ie\ed{k(ﬂi}h:,)byﬂn
actual wire (passing through O in Fig. 12), with charge e per unit length, and two fictitious wires with charges ¢’
ing through A and 0" i

and — ¢ per unit length, passing gh ly. The point A isata distance a*/b from the axis of
the cylinder. Then, for all points on the ci fe the di undr’fromOandAarcn:uoomuntnno
r'fr = afb,and so it is possibic to satisfy the boundary conditions on this ciccumference. ln}nedxutl_zZveuekthe
field as that producedina b dium (with £,) by a fictitious charge ¢” on the wire passing through O.

Mboundarymdi&omonﬁnsurfmofup‘nﬁonmconveniendy'fonquhtedinmmoftkmm@é
(E = —grad¢) and the vector potential A (cf. §3),dcﬁnedbyD-c-rl_A(mmdmeethhtheeq|uhon
div D = 0). In a two-dimensiona! problem, A is in the z-directi (perpendmh:tothephneoﬂheﬁqu).'lhe
conditions of continuity for the tangential components of E and the normal p of D are eq to

=y, Ay = Ay .
¢'Fofé.eﬁ'ddor’.chugedwimnmeinpohr dinates r, 6 the equation ¢ = — (2e/e)logr +constant,
A = 2¢8 + constant; cf. (3.18). Hence the boundary conditions are

”

2¢
—2—(—e logr—e'logr +e'loga) = — . log r+ constant,
& 1

20+ €0 (0 +0)) = 2e"8,

00’ *b

Fic. 12

t The corresponding problem of a point charge near a dielectric sphere cannot be solved in closed form.

§8 A dielectric ellipsoid 39

where the angles are as shown in Fig. 12, and we have used the fact that 00'B and B0’ A arc similar triangles.
Hence £;(e +¢€) = ¢,¢", e~ €' = ¢”, and the expressions for ¢’ and e” are again formulace (1) of Problem 1.
The force acting on unit length of the charged wire is parallel to 00', and is

4 2 - 2
p-,g-h_‘(L_L)=. (e —a)a’
04 00']” &,(e, + )b (67 ~a?)

F > 0 corresponds to repulsion. In the limit a, b — o, b~ g — h, this gives the result in Problem 1.

ProsLEM 4. The same as Problem 3, but for the case where the wire is inside a cylinder with permittivity
€ (b<a)

SoLUTION. We seck the field in medium 2 as that due to the actual wire, with charge per unit length (O in
Fig. 13), and a fictitious wire with charge ¢ per unit length passing through A, which is now outside the cylinder.
In medium | we seck the ficld as that of wires with charges " and e — ¢” passing through 0 and O" respectively. By
the same method as in the preceding problem we find € = ~ e(e, — £,)/(e, +£5), " = 2e.e/(ey +¢5). Fore, > ¢,
the wire is repelied from the surface of the cylinder by a force .

R 2ee' | 2e(e, — ¢, )b

& OA  gyle, +5.)a —b?)
t

Fic. 13

ProBLEM S. Show that the field potential ¢ ,(rg) at a point rg in an arbitrary inhomogeneous diclectric
medium, due to a point charge e at r, is equal to the potential @5(r) at 1, due to the same charge al rp.

SOLUTION.  The potentials ¢ 4(r) and ¢(r) satisfy the equations
div(egrad ¢ ) = —dned(r~r,), div(cgrad ¢g) = — 4ned(r— Tg).
Muttiplying the first by ¢ 5 and the second by ¢ . and subtracting, we have
div(¢gegradd ) - div (@ cgrad dy) = — dmed(r — v )bp(r) + dned(r — rahb 4(r).
Integration of this equation over all space gives the required relation:

balrg) = dplr,).

§8. A dielectric ellipsoid

The polarization of a dielectric ellipsoid in a uniform external electric field has some
unusual properties which render this example particularly interesting.

Let us consider first a simple special case, that of a dielectric sphere in an external field €.
We denote its permittivity by ¢, and that of the medium surrounding it by £’ We take the
origin of spherical polar coordinates at the centre of the sphere, and the direction of € as
the axis from which the polar angle 6 is measured, and seek the field potential outsids the



