Homework #4 Solutions:
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1. Given A= | —

a)

det(A — )

2
2

Tt o0

¥

o = O

Thus, A has three eigenvalues, A\y = 1, Ao =2, A3 =3

b)
Case A\ = 1:

[A-AT]0]

The basis for the eigenspace associated with A =1 is By—1 =

1
0
1
4—X 0 1
det -2 1-X 0 =
-2 0 1—-2\
4=2{(1=N)}=-2(1-)), A=1=0=0
A-N1-N=-2
44X -B5A+2=0<
M —BA+6=0=  A=23
3 0 110 3 0 110
= -2 0 0|0 |~ -2 0 01]0
-2 0 0]o0 L 0 0 0]0
—2z1 =0 0 0
= 3r1 = —x3 =>Tr= X2 = T2 1
To = free | 0 0

Case A = 2:
[ 2 0 110 2 0 110
[a=X|0] = | =2 =1 0 [0 |~| -2 -1 0[]0 |~
| -2 0 —1]0 0 0 0|0
[ 2 0 1]0 T == 1/2z3 —1/2
~ -1 1 010 = T2 = X3 = T= 1
| 0 0 0|0 x3 = free 1
-1
The basis for this case is By—g = 2
2
Case A = 3:
1 0 110 1 0 110
[A—)\I‘O] = -2 -2 0|0|~[0 =2 2|0 |=
-2 0 =210 0 0 0]0



1 = —XT3 -1

= Tog = I3 =T= 1 3
x3 = free 1
-1
= Basis for eigenspace of A when A = 3 is By_3 = 1
1
2.
a) To find the eigenfunctions we find the eigenvalues and eigenvectors of A.
det(A—=XI) = (2-=XN1 =X —(=2)=X—4X+5
—(—4 _
y = (—4) + /16 4(1)(5):2:“
2
Case A =2+1i:
_ 3—(2+1) 1 0| _
[A-ar]o] = { -2 1—(241) 0}_
1—14 1 0 .
= { 9 _1-ilo } = (1—i)zx; + 1z =0

if x € Nul(A — A\I) then this relationship must hold.

Let zy=—1=a2=(1—1i)=> &= [ 1__12.}

. o -1
Case \=2—1i: = = { 1—1—2'}

Thus the eigenfunctions of ¥’ = AZ are given as,

- -1 i - -1 i
$1(t)=[ l—i]e(2+)t’ $2(t):[ 1+i]e(2 )t

b) Using the formula on page 354 we have the real valued general solution

(t) a1y (t) + cagp(t) =

o {[ 0 }cos(ﬂ _ [ 0 } sin(t)}ezt e {[ 0 }cos(t) + [ 0 } Sin(t)}e2t

3. Yes, A is diagonalizable. Why? The following process will produce four
linearly independent eigenvectors.
1st: Since A is triangular we know the eigen values of A are

Moo= 4 (With algebraic multiplicity of 2)
Ay = 2 (With algebraic multiplicity of 2)

2nd:



Case A = 4:

0 0 O 010
00 O 010
[A—4I'|0] = 00 -2 olol=
1 0 0 -2|0
T3 = 0 22124 0 2
- T2 1 0
= T = 214 =T = = Zq + x4
T2, x4 = free 0 0 0
2,44 — ZC4 0 1
0 2
. . . 1 0
Thus the basis for the eigenspace is By—4 = ol:1o
0 1
Case A = 2:
2 0 0 0]0
0 2 0 0/0
[A-2I|0] = 000 olol=
1 0 0 0]0
T = 0 0 0
9 =0 _ 0 _ 0 0
= x5 = free == T3 BECEIN! + s 0
x4 = free T4 0 1
0 0
. .. . 0 0 . .
Basis for this eigenspace is By—o = 1] o This implies that
0 1
0 2 00 4 0 0 0
1 0 0 O 0 4 00
P= 00 1 0} D= 0 0 2 0
01 0 1 0 0 0 2

4.
a) Yes. The matrix is a stochastic matrix because its columns are probability
vectors. It is regular since P has all non-negative entries.

b)
I Rl
2/3q2}:q2{2/3}

q2 1



2
choose g tobe g+ —qo =1 g2 = > :1(:}q2:§
3 3 5
. [e/15] [ 2/15
- q_[ 3/5 }_[ 3/5}
: -_ | 2/5
Note: Pq= [ 3/5 }
Step 1: Diagonalize P
d=A .6
det([ 9 .4_)\]> = (4=N)(1—=X)—54=)> -5 - 54+ 4=
= NM-BA-5=>)=1
\ —(=.5) £/(—=-5)2 — 4(1)(—.5) _ 515
2(1) 2
_ A =1
T X =-5
_ 1. = _ _| 2/
Case A=1: (P—I)x—O:>x—[3/5}
Case A = —.5:
. 6 6|0 o 1
(P=(=5)DzZ = 0= { 9 90 ] =T =1 [ 1 }
T2 01 10 -1 -1] 1
Thus P‘[3/5 1“0.5“3/5 2/5}1
| 2/6 1 1 0 1 1
and P {3/5 “1 |0 =5 ]| 1 —2/5
e 251 1 0][1 1 ] [a4
Thus, Jim P [3/5 ~1)loo]|l1 —255] |6
This implies that for x¢ = { 1 ],:1:1 +ao=1
2
. T kp—1 o 4 4 Ty _ 4($1+£C2) _ 4

A 0 —
4 LetSy—{Z. 0}
a) S‘f:[? _OZ ] =S, = S, is self-adjoint.
b) det(SH — M) = X2 —1=0= \= =1
A =1
S . -1 —1 0 . _ Tr1 = T2
[Sy—ll‘O] = [ i 1 0}:561—1:62—0:[@&66}

4



-] 7 e[ V]
1 1 [ - 1 [ —
_ A \/ﬁ[ ]:2[ 1 }( nnnnn lized eigenvec tor)
L I ] B A S I T
Thus A = PDPH = [ 1/\\[ 1;1?“ OlH //\(f %\\?]
a [ iVE e VZONVZ ] _[1/241/2 —if2+i/2 10
pPPe = {1/[ 1/{“ i/V2 1/[}{ i/2—1i/2 1/2+1/2} [0 1]

- SH - SH
A U107 +)\21}21)2 =

(3 o v (23] -

e e[ ][0 Y



