Line broadening

QM estimation of dipole radiation and lifetime
Summary of time-dependent perturbation theory approach

Fourier transforms and natural broadening

Reading: Svelto 2.4-2.5



QM atomic transitions

We’'ll take an approach to understanding transitions from the
gquantum perspective

* An isolated atom in a pure energy eigenstate is in a

Stationary state: o (r,t) = (r)e—Ent/h

— There is time dependence to the phase, but the amplitude remains

constant. So, no transitions.

* An applied EM field of the right frequency can induce a
mixture of two states:

v (r.0)=u (r)e "y, (,0) = uy (r)e ="

— Superposition:
sei> 1//(r,t):al(t)y/l(r,t)+a2(t)1//2(r,t)

— w/ normalization: ‘al(t)‘z +‘a2(;)‘2 _1



QM charge distribution

The electron is not localized in QM.
The charge density can be calculated from w:
p(r.r)=—dw(r.c)
For a stationary state:
p(r.t)=—ely,(r.r)’ u, (r)
— No time dependence, charge is not moving!

For a superposition state:
2
p(l’,t)z—e‘l//(l',t) :_e‘aﬂ”l""azl//z

2

—E t/h
T =—e

= —e‘un(r)e

| 2

2 2 * * * *
= _e(|a1l//1| +|a21//2| Taa, Y\, ra a,y, l//2)
— Cross terms will lead to time dependence in the charge.



QM dipole moment calculation

* The nucleus is localized, but the electron charge
Is distributed.

* The effective position is calculated like the center
of mass, so dipole moment is: .

applied
2 dV p=gr

jr|alwl|2dV+Jr|a2w2|2dV 2 r

u(r)=—efr|y(r.)

+Ja1a2 ry\y, dvV+ J.al ary, y,dv

— Terms in red go to zero: parity.



Time dependent dipole moment

* The cross terms (which are like interference terms
In optics), lead to time dependent oscillation:

Hoge (t) = _e(alaz*_‘.“//ﬂ//; dv + al*az J-rllfl*lljz dV)

= —e(alaz*_‘-r u, (r)u, (r)e”(Ez_El)t/h dV+a, a, Jul (r)u, (r) g BB dV)

— Oscillation frequency: ®,,=(E,—E,)/h
Hose (t) = _eRe[zalaz*uzlein]
W, = J.ul (r)(—er)uz* (r)dv Dipole “matrix element”

* My, Is the part that depends on the atomic structure,

independent of the populations.
« This is a vector, but the direction of r corresponds to the E-field

direction, relative to the atom or molecule.



QM dipole radiation: lifetime

- Estimate the radiated power from this oscillating dipole.
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Spontaneous decay

If we assume that the excitation probability of the upper
level iIs small, then 2 2
|a1| —1—|a2| =1

We can then deduce the change in upper level population:

dE — d 2
Z =—Pb,, =ho, d_t‘az (t)‘
d

1
—‘az (t)‘2 = ——‘az (t)‘2 %‘az (t)‘2 z‘az (O)‘Zexp[—t/fsp]

dt T,

This connects the spontaneous emission rate to a
quantum calculation of the dipole moment.



Selection rules

* |In Dirac notation, the dipole matrix element is:
o, = (2] = ex|1) = i, (r)(~er)u, (x)av

« Working with the symmetries of wavefunctions leads to
selection rules about which transitions can take place.
— Parity: ris odd, so u, must be opposite parity of u,
— Angular momentum: Al = £1. Photon carries 1 unit of ang. mom.

* Exceptions:
— Transition might take place under other moments:
« Magnetic dipole, electric quadrupole, etc.
 Leads to longer lifetimes.
— States might not be “pure”, mixture of eigenstates
« External or internal perturbations
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HeNe laser transitions
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FIG. 10.1. Relevant energy levels of the He-Ne laser.
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Fig. 3: The most important laser transitions in the neon



QM approach

* Next level up in accuracy in QM is to approximately solve
the Schrodinger equation in the presence of the incident
field

— QM representation of the electron wavefunction W(l',t)
— Classical representation of the EM field as a perturbation

ﬁz.,,:m%_‘/t’ A=0 + B
« Without external field: With external field (E-dipole):
I_Alol// %—l/: —~H WV, =EWvw, PAI'=,u-E=—er-E0sina)t

 Assume wavefunction with field can be written in terms of
a linear combination of wavefunctions without field

Za t)y, (r.) v, (rr)=u,(r)e

—E,t/h



Time-dependent perturbation theory

Easiest to concentrate on 2 levels
Assume close to resonance:
~(E,—E,)/h=aw,
Assume weak probability of excitation:
a(r)=1, a,(r)<1
Put form of solution into time-dependent SE (with field)
Transition rate will be

d
W, = E ‘az (I)‘z

Result: “Fermi’s Golden Rule §(v—v,) Dirac delta function

le(V):%wzlrEo%(V_vo) Jf V v dv f( )




Fermi’s golden rule

« Express field in terms of (total) energy density:

p= %nze E2 For other lineshape:
) 2
> WalV) = ol 3(v =) = ol pi(v )
n’e,h

 When EM source varies in frequency, energy density btw
v and v'+dv'is dp=p, dv’
* So the contribution to the rate at v’ is

2m?

dw,, (V') = 2 |.u21|2 Py g(V —V )dv,

 Total rate is:




Working with spectral lineshapes

* For atomic system, replace Dirac delta with transition
lineshape
jg(v—vo)dv =1

« Lorentzian lineshape (radiative, collisional broadening)

2 1
5(V—VO)%8L(V—VO):7TAV Y -
. _
AVO FWHM 1+( AVOO j

* Doppler broadened (Gaussian) lineshape

2
" 2 [In2 V-V
S(v—-v,)— g, (V_VO)ZAV* Iylr exp{—4ln2(Av fz) }
0 0




Lorentzian vs Gaussian lineshapes

* Lorentzian is much broader in spectral wings
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Natural broadening

« Radiative broadening results directly from the
spontaneous emission lifetime of the state

 Fourier transforms
— Forward: FT F(w):J'_‘” f(t)eiwtdt

— Inverse: FT-! f(t):i :OF(w)e—ia)t do

« Suppose exponential, oscillating decay in time domain

-yt _—iWyt

N= €€ fort =0
f( ) 0 fort <0
_ | | (—y+i(w-w,))t
F(a)):J. e‘?’t—lwotelwtdtz e _ . 1
0 . y—z(a)—a)o)

—y+i(o-w,)
Complex Lorentzian




Lorentzian lineshape

« Complex Lorentzian separated into Re and Im
1 _ Y : (w — (00)
, = T i s
y-ilo-0,) (0-0,)+y> (0-0,) +7
— Real part corresponds to absorption effects

* Normalize

YIT

14 T
do=cy—=1 —>g (l0-w,)=
CJ‘(a)_a)O)2+f}/2 Cj/y gL( O) (a)_wo)2+y2

e Convertwtov

14 |
dv=cy—-=1
CJ Aar*(v—v,) +7° oy
) . ) :
o2 L f2vmv)Y | 2 2(v—v,)
— g, (v VO)_y 1+[ T ] = av. 1+( Av,




Collisional broadening

 Elastic collisions don’t cause transition, but interrupt the
phase

 Timescales: -
— Period of EM cycle much less than radiative lifetime —<7T

a)O
— Avg time btw collisions < lifetime T.<7T
— Duration of a collision << time btw coll, lifetime AT, <T,,T

« Calculation:
— FT over time O to 1, to get lineshape for a specific oscillation length

— Average over probability of a given time between collisions:

Result:

1 _
P(t,)dr,=—e "'"dr, Lorentzian shape with new width
T

c

Av=y/2r+1/rT,



Doppler broadening

* From relative velocity of atom to input beam, Doppler shift:
’ VO

0T _ V. /e Beam propagating in z direction

— Each atom in distribution is shifted according to its velocity
* Boltzmann distribution

P(VZ)~exp[—%MvZ2 /kBT]
« Average over distribution to get effective lineshape:
1/2 2
, 1 Mc’ Mc* (v-v
g (v-v,)= exp ( 20)
Vo \ 2k, T 2k, T v,

2k, T In2 }”2
Mc®

FWHM:

Av, = 2V0|:



Doppler broadening in HeNe lasers

2

) 1 2 1/2
Av, =2v0[2k§;n }
C

A, =632.8nm
v, =4.74%x10"%s™
M =20.12 amu=3.34 x 10 *°kg For Neon

k,T =1/40eV =4x107"J

Av, =1.55GHz



Inhomogeneous vs homogeneous

broadening
 Homogeneous broadening: every atom is
broadened by same shape

— Radiative, collisional, phonon
— All atoms participate in absorption or gain

* Inhomogeneous broadening:
— Doppler broadening

— Absorption or gain only by atoms in resonance
— Leads to “spectral hole burning”



Connect golden rule to cross-section

* In general, both spectral line and EM source depend on
frequency, and total transition rate is:

W, = Ja(v)mdv

hv
— Spectral intensity I,(v)dv ~W/cm’
— Total intensity I = J.[V (V)dv
W, (v)= |,LL21| E,’g(v-v,)

3h2



