
Homework #8 Solutions

1. Calculate the following Fouier sine/cosine transformations. Please include
the domain which the transformations is valid.
a) Fc {e−ax} , a > 0, x > 0⇒ f(x) = e−ax

Thus,

f̂c(w) =

√
2
π

∫ ∞
0

f(x)cos(wx)dx =

=

√
2
π

∫ ∞
0

e−axcos(wx)dx =

√
2
π

[
e−ax

a2 + w2
{w · sin(wx) + (−a)cos(wx)|∞0 }

]
=

=

√
2
π

{
0− 1

a2 + w2
(w · sin(0) + (−a)cos(0))

}
=

√
2
π

a

a2 + w2
, w ∈ R

b) F−1
c

{
1

1+w2

}
= f(x) =

√
2
π

∫∞
0

1
1+w2 cos(wx)dx = By Laplace integral,

√
2π · π

2
e−x =

√
π√
2
e−x =

√
2π
2

e−x, x > 0

c)

Fs
{
e−ax

}
=

√
2
π

∫ ∞
0

f̂s(w)sin(wx)dx =

√
2
π

∫ ∞
0

e−axsin(wx)dx =

=

√
2
π

[
e−ax

a2 + w2
((−a)sin(wx)− w · cos(wx))

]∣∣∣∣∞
0

=

=

√
2
π

[
0− 1

a2 + w2
{(−a)sin(0)− w · cos(0)}

]
=

√
2
π

w

a2 + w2
, w ∈ R

d)

F−1
s

{
w

a2 + w2

}
= f(x) =

√
2
π

∫ ∞
0

f̂s(w)sin(wx)dw =

=

√
2
π

∫ ∞
0

w · sin(wx)
a2 + w2

dw =

√
2
π

[π
2
e−ax

]
=

=
√

2π
2

e−ax, x > 0

2. Calculate the following transforms.
a)F{f} where f(x) = δ(x− x0), x0 ∈ R

f̂(w) =
1√
2π

∫ ∞
−∞

δ(x− x0)e−iwxdx =
1√
2π
e−iwx0

1



b)F{f} where f(x) = e−k0|x|, k0 ∈ R+

f(x) =
{
e−k0x x > 0
ek0x x < 0

f̂(w) =
1√
2π

∫ 0

−∞
ek0xeiwxdx+

1√
2π

∫ ∞
0

e−k0xeiwxdx =

=
1√
2π

[
e(k0+iw)x

k0 + iw

∣∣∣∣0
−∞

+
e(iw−k0)

iw − k0

∣∣∣∣∞
0

]
=

=
1√
2π

[
1

k0 + iw
− 1
iw − k0

]
=

1√
2π

[
−2k0

−w2 − k2
0

]
=

=

√
2
π

(
k0

w2 + k2
0

)
c) F−1{f̂} where f̂(w) = 1

2 [δ(w + w0) + δ(w − w0), w0 ∈ R

f(x) =
1√
2π

(
1
2

)
∫ ∞
−∞

[δ(w + w0) + δ(w − w0)] eiwxdw =

=
1√
2π

[
eiw0x + e−iw0x

2

]
=

1√
2π
cos(w0x)

d) F−1{f̂} where f̂(w) = 1
2 [δ(w + w0)− δ(w − w0), w0 ∈ R

f(x) =
1√
2π

(
1
2

)
∫ ∞
−∞

[δ(w + w0)− δ(w − w0)] eiwxdw =

=
1√
2π

[
eiw0x − e−iw0x

2

]
=

i√
2π
sin(w0x)

e)F {f(x+ c)} =
1√
2π

∫ ∞
−∞

f(x + c)e−iwxdx =
1√
2π

∫ ∞
−∞

f(u)e−iw(u−c)du =

eiwc
1√
2π

∫ ∞
−∞

f(u)e−iwudu = eiwcf̂(w)

3. The convolution of 2 functions is defined as:

(f ∗ g) =
∫ ∞
−∞

f(p)g(x− p)dp =
∫ ∞
−∞

f(x− p)g(p)dp (1)

a) Show that F{f ∗ g} =
√

2πF{f}F{g}

F{f ∗ g} =
1√
2π

∫ ∞
−∞

[∫ ∞
−∞

f(p)g(x− p)dp
]
e−iwxdx =

=
1√
2π

∫ ∞
−∞

∫ ∞
−∞

f(p)g(x− p)e−iwxdxdp =
let x− p = q
⇒ x = q + p

=
1√
2π

∫ ∞
−∞

f(p)g(q)e−iw(p+q)dxdp =

2



=
1√
2π

∫ ∞
−∞

f(p)e−iwpdp · 1√
2π

∫ ∞
−∞

g(q)e−iwqdq =

=
1√
2π

[√
2πF{f}

√
2πF{g}

]
=
√

2πF{f}F{g}

b) Find the convolution of f(x) = δ(x− x0) and g(x) = e−x

(f ∗ g)(x) =
∫ ∞
−∞

δ(p− x0)e−(x−p)dp = −e−(x−x0)

old.a) Write down the integral definitionof auto-correlation and cross-correlation.

Cross-correlation: (f ? g)(x) =
∫
f?(t)g(x+ t)dt

Auto-correlation: f̄(−τ) ? f(τ) =
∫∞
−∞ f(t+ τ)f̄(t)dt

old.b) Compare and contrast cross-correlation and convolution.

The probability distribution of the difference -x+y is given by the
cross-correlation while the convolution gives the probability distri-
bution of the sum x+y.
(x,y are independent random variables)

old.c) Describe an application of cross-correlation related to signal processing.

Cross-correlation, in signal processing, is commonly used to find
features in an unknown signal by comparing it to a known one.

4. Given the ODE

y′ + y = f(x) −∞ < x <∞
let f(x) = δ(x) (2)

a) Calculate the frequency response

F{y′ + y} = F{f(x)}
= iwŷ + ŷ = f̂

= ŷ(1 + iw) = f̂

ŷ(w) = f̂(w)
1

iw + 1
← Frequency response

b) Calculate the Green’s Function
Let

(
1

iw+1

)
= ĝ(w) and F−1{ĝ} = g(t) =

√
2πe−t, t > 0

F−1{ŷ(w)} = y(t) = F−1{f̂(w)ĝ(w)}

y(t) =
(f ∗ g)(t)√

2π
=

1√
2π

∫ ∞
−∞

f(p)g(t− p)dt

y(t) =
∫ ∞

0

δ(p)e−(t−p)dp
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Green’s Function: e−(t−p)

c) Using convolution, find the steady-state solution.(2 pts extra)

y(t) =
∫ ∞

0

δ(p)e−(t−p)dp = e−t

4


