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Representing an optical pulse in t and w spaces

 Two ways to represent the field of a pulse:
— Time domain
E(t)=A(r,t) exp[i(k-r—ia)o t+¢(t))}+c.c.
— Frequency domain
E(0)=FT{E(t)}=A(r.0-0,) g krroloma)) | 40 (r.0+a,) ¢~ (kr—plo-a0))
— Both positive and negative frequency components: usually neglect
negative side in linear optics

E(a))zA(r,w—a)O)exp[i(k-rﬂp(a)—wo))]

* Both t and w representations contain the same information,
same total energy.

* Phase functions not the same in both domains

e Temporal phase: (1)
e Spectral phase: go(a))



Taylor expansion of spectral phase

* To simplify the phase, consider the first two terms

2
0— o, (0-a,)
(0(0)) = @, T ¢ + @, + ...
1! 2!
where CDOZ(P(G)O) is the “absolute phase”
d
1) e is the group delay. 7 (a)):ﬁ
da|,_, £ dw
do| ) o
Q, g Is called the "group-delay dispersion.
Q

a):a)o

* |n real situations, we sometimes have to include
higher order phase, 3™, 4t
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Taylor expansion of temporal phase

* Here we expand around t=0, i.e. the center of the pulse

(1) = @, +¢11£!+¢2t2—!+

where (PO — (/)(O) is the “carrier-envelope” or “absolute phase”
d d
(p — _(P the instantaneous frequency is a),.m(t) = 40
1 df dt
t=0
d2¢ . 13 u ”
¢, = F is called the “temporal chirp.
A
=0

* Inreal situations, we sometimes have to include higher order
phase, 379, 4th
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Intensity and phase of a Gaussian

 The Gaussian is real, so its phase is zero in both domains.

Intensity and Phase

Time domain:

A Gaussian time

transforms
to a Gaussian\ Spectrum and Spectral Phase

Frequency domain:

I
a

o
Spectral Phase

—h
|

Spectral Intensity

o
I
I
1
a

So the spectral phase is

zero, too. frequency
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The spectral phase of a time-shifted pulse

Recall the Shift Theorem: FT{f(t — to)} =exp(+iwt,)F(m)

Intensity and Phase

. . . 1
Time-shifted Gaussian >
pulse (with a flat phase): ¢
=
0 -
time
Spectrum and Spectral Phase
So a time-shift simply £ 4| B LS
adds some linear é £
spectral phase to the = 10
= O
pulse! E‘éo - c%
n 1-1

frequency
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What is the spectral phase?

| The spectral phase is the phase of each frequency in the wave-form.

W,

T I

/\,/ \J\
\/\/ \/\/

All of these
frequencies have zero
phase. So this pulse
has:

Nw)=0
Note that this wave-
form sees
constructive
interference, and
hence peaks, at
t=0.

And it has
cancellation
everywhere else.
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Linear spectral phase: ¢(w) = aw.

By the Shift Theorem, a linear spectral phase is just a delay in time.

And this is what occurs!

/\/’

NN 0@)=0

o(w,)=02m

\/\/\/\ P(w,) = 0.6

”\/\

\/\ P(0s) = 0.8
S/ \/\/ o0 =
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Zeroth-order phase: the absolute phase

The absolute phase is the same in both the time and frequency

domains. f(t)eXP(l%) — F(w)eXp(l¢Q)

An absolute phase of 11/2 will turn a cosine carrier wave into a sine.
It" s usually irrelevant, unless the pulse is only a cycle or so long.

Different absolute phases Different absolute phases
for a four-cycle pulse for a single-cycle pulse
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Notice that the two four-cycle pulses look alike, but the three single-
cycle pulses are all quite different. Slide modified from R. Trebinc



First-order phase in frequency: a shift in time

By the Fourier-Transform Shift Theorem, F(w)exp(io@,)— f(t—,)

Time domain Frequency domain
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Note that ¢, does not affect the instantaneous frequency, but the group
delay = @,. Slide modified from R. Trebino



P

First-order phase in time: a frequency shift

By the Inverse-Fourier-Transform Shift Theorem,

J(@)exp(=i¢ 1) = F(w—¢,)

¢ =0/fs

Frequency (1/fs)

—.07/fs

Frequency (1/fs)

Note that ¢,
frequency.

Time domain
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does not affect the group delay, but it does affect the instantaneous
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Second-order phase: the linearly chirped pulse

A pulse can have a frequency that varies in time.

Light electric field

Time

This pulse increases its frequency linearly in time (from red to blue).

In analogy to bird sounds, this pulse is called a "chirped" pulse.
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The linearly chirped
Gaussian pulse

Light electric field

We can write a linearly chirped Gaussian pulse mathematically as:
E(t)= A(t)exp|i¢(¢)]
=F exp|_ ZEPX JexpL a) 1+ Pt )J

TGaussian Carrler/]\ T
: Chirp
amplitude wave

Note that for 8 > 0, when ¢ < 0, the two terms partially cancel,
so the phase changes slowly with time (so the frequency is low).
And when ¢ > 0, the terms add, and the phase changes more rapidly

(so the frequency is larger). _ » _
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The instantaneous frequency
vs. time for a chirped pulse

Light electric field

Time

A chirped pulse has:
E(2) o< exp[i(—a)ot + gb(t))]

where:
o(t)=—B¢t’ (note the sign change)

The instantaneous frequency is: @, (¢)=wm,—d¢/ dt
which is: o ()=0 +2,Bt
inst — 0

So the frequency increases linearly with time. This is positive chirp.

Slide modified from R. Trebino



The negatively chirped pulse

We have been considering a pulse whose frequency
linearly with time: a chirped pulse.

One can also have a negatively
chirped (Gaussian) pulse, whose
instantaneous frequency
decreases with time.

Light electric field

We simply allow B to be negative
in the expression for the pulse: time

E(t)= E, exp —(t /T, )2 exp _—i(a)ot+ ,Btz)]

= E exp —(t/TG)2 eXP:_i(wot_"B‘tz)}

And the instantaneous frequency will decrease with time:

a)inst(t) — a)O +2lBt :wO _2|IB|t
Slide modified from R. Trebino



The Fourier transform
of a chirped pulse

Writing a linearly chirped Gaussian pulse as:

@ (1)< E, exp[—oct2 ]exp[—i(wot + ,Btzﬂ +c.c where aoc1/At

or.

.@(t) < exp[—(oc + iﬁ)tz}exp[—i wot] +c.c.

Fourier-Transforming yields: neglecting the negative-frequency

/ term due to the c.c.

E(®) o< E exp[— (le/rjﬁ (a) — @, )2}

Rationalizing the denominator and separating the real and imag parts:

~ o/4 2 . B/4 2
E(w) o< E, exp[— . '32 (a) — a)o) }exp{ﬂ —n le (a) — a)o) }
Slide modified from R. Trebino




2nd-order phase: positive linear chirp

Numerical example: Gaussian-intensity pulse w/ positive linear
chirp, ¢, =-0.032 rad/fs? or ¢, = 290 rad fs?.
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Here the quadratic phase has stretched what would have been a
3-fs pulse (given the spectrum) to a 13.9-fs one.gjige modified from R. Trebino



2"d-order phase: negative linear chirp
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E-field vs. time Spectrum and spectral phase
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Pulse propagation

*\WWhat happens to a pulse as it propagates through a medium?

*Always model (linear) propagation in the frequency domain. Also,
you must know the entire field (i.e., the intensity and phase) to do so.

Em(w) A

J\

_>a)

E (0) = E (o) exp{—%“’)L}exp[ik(w) L]

In the time domain, propagation is a convolution—much harder.
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Pulse propagation Y
(continued) Em(wy\

N()m(w)

Rewriting this expression using k =n(w) w/c:

E (0) = E (w)exp[-o(w)L/2]explion(®w) L/ c]

Separating out the spectrum and spectral phase:

S0 (@) = S5, (@) exp[~c(@)L]

Q.. (@) = qo,-n(co)+n(w)%)L

Absorption (or gain) modifies the spectral amplitude,
Refractive index modifies the spectral phase

Slide modified from R. Trebino



Propagation of a Gaussian pulse

e Start with pulse in t-domain
E(Z=0,t)=AO e—tz/tge—ia)ot
* FT to frequency space:

1L (00—, )2 1

E(z=0,0)=FT{E(t)}=At, e *
* Apply phase shift.

. 1
—l((o—coo)2 2 i L —l(co—coo)2 o l((DOJF(@—%)%JFE(W—@O)Z%)

E(z,w)=A,t, e * e ° w)ZzAOtoe“ e
: o 1} 1
= Ay t, ¢ exp|i(w-0,)p, |exp| —(0-w,) (ﬁ—ia(pzj
Constant Group . Chirp?
phase delay shift

e Now inverse transform to t-domain.



Propagated pulse in time domain

* Inthe time-domain, pulse can be written
1 i . tz . 1 —iwt
E(Z,t): A, tOEJ e exp[z (co—a)o)(pl]exp[—(a)—600)2 (zo—z—gozﬂe dw

 We will use the shift theorem for carrier and group delay, so
consider this integral:

1 tz 1 —i0mt
f(t):ﬂj exp[—5a)2(zo—z5gozﬂe ' dSw

* So that S
E(Z’t):Aotoe% “fE-9)

* Note that the group delay is just the transit time through
_do _dk
do| dw

w, W=, g

ng ~ Tg (0)0)




Chirped output pulse

* We're doing the FT of a complex Gaussian

. 1 2 tz 1 —iow t
f(l‘)—gj exXp S0 (Zo—lg(pzj:|€ dow

1

Jr T’

FT ™ exp(-T?0* 14)} = exp(—1*/T?)  T*=1;—2ip,

1 t°
f(t) = exp[— . )
\/ﬂ(tg - 2i(p2) to = 2ip,
. 1+ 2?2
1 bty +2ip, f

n=2p, 6440, [ (20.)
fy| 1+ 2
0



Chirped output pulse

 The pulse duration and chirp parameter vary with z

z-dependent pulse duration

2
T(z)=t \/1+(2%] —to\/1+(2k zj
t() Z.0
4% 4’k
¢2(z):dw2

z-dependent chirp parameter

_ 1 2¢
—k22 ﬁ(z): T2 (Z) t22
0=, 0

O=a0,

( 2
f(t)z\/zlf(z)exp _ ! ]exp(—iﬂtz)

* This dispersion dependence is just like a Gaussian
beam that focuses and diverges.



Phase mismatch bandwidth and group walkoff

* Phase matching condition for SHG: Ak =2k, —k,

* Even if there is zero phase mismatch for the carrier, it won’t
be matched for the whole bandwidth:

Ak(w,) =2k (0,)- &, (2w,)

Ak(o,) = Ak +(o - wm)[zawl k| =20,k }

Ak(@,)L =~ AkL+2(w — com)((p1 (w,,)- 0, (6020))

Phase mismatch
normally =0 Group delay walkoff

* So the phase matching bandwidth is directly connected to the
group walkoff
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Maximum BW at zero dispersion point

Zero second-order dispersion Signal /idler GVD at degeneracy vs. pump wavelength
wavelengths (nm)
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