Homework #9 Solutions
1. Given,
ay” +by' + cy = f(x) (1)
a) Find all solutions to the homogeneous version of (1).

Assume: y =e"* ar?e’™ 4+ bre"™ 4 ce™ =0
y =re™” ar’ +br+¢=0
P ~b+Vb2 —4dac  —b+ VD

Yy =re r= = , where D = b% — 4ac
2a 2a
D ye(x)
>0 016(7 )x+02e(7 22
=0 cle( 2a) +02€(2a)
<0 e(%)z[clcos(gx) + @sin(%x)

b) Fill in the following table with the choices you would make for the particular
solution.

@) e
zt Azt + B+ Ca? + Dz + FE
cos(fx) Acos(Bx) + Bsin(fx)
T 4+ sin(x) + x Ae” + Bcos( )+ Csin(z)+ Dx+ E
e sin(fx) *cos(fx) + Be**sin(fx)
v?e*®cos(fBr) | (Az? + Bx + C) Zcos(Bx) + (Dx? + Ex + F)e*®sin(Bz)

c¢) Assume that a=1, b=0, ¢=9 and f(x)=cos(3x). Find the general solution to
(1).

D = b — dac = —36

From (a) we have that y. = ¢1cos(3x) + casin(3z)

yp = Axcos(3z)+ Bxsin(3z)

y, = —3Axsin(3x)+ Acos(3z) + 3Bxcos(3x) + Bsin(3x)

y, = —9Axcos(3z)— 3Asin(3x) — 3Asin(3x) — 9Bzsin(3z) + 3Bcos(3x) + 3Bcos(3x)
= —9Azxcos(3x) — 6Asin(3z) — 9Bxsin(3z) + 6Bcos(3x)

+9y, = —9Azcos(3z) — 6Asin(3z) — 9Bsin(3x) + 6Bcos(3z) + 9Axcos(3x) + 9Bxsin(3x)
= cos(3x)
. A=0
= —6Asin(3z) + 6Bcos(3x) = cos(3z) = B=1
1 .
Yp = gxsm(?)x)
Ye+yp = y=cicos(3x)+ casin(3z) + %82’71(333)



2. Consider the boundary value problem

y' + Ay =0 (2)
y'(0) =y (1)=0 (3)

a) Assuming A € R, find the general solution to (2)

Assume: y =" r2e™ + X" =0

y =re™” 2 4+A=0
yu:rzem T::t\/j
D Ye(z)
>0 | creV=A% 4 cpe= Ve = Cicosh(v/—Xx) + Casinh(v/—z)
=0 c1 + cox
<0 crcos(VAx) 4 casin(v/ )

b) Apply the boundary conditions (3) and calculate the possible values of A.

case 1: A <0
y'(z)
y'(0)
y'(1)

case 3: A >0
y'(z)
y'(0)
y'(1)

[c1sinh(vV/=Ax) 4 cacosh(v/—=Az)|vV/ =X
=0 = cocosh(0) = co =0
c15inh(v/—=\)

because A # 0,c¢; = 0 and y(x) = 0, the trivial solution

C2

=0=co

=0=cy

co = 0,¢; € R Therefore y(x) = ¢1, a non-trivial solution

and 0 is a possible value of .

—c1VAsin(VAz) 4 oV hcos(VAz)

:0202\6\: because X\ # 0,c5 =0

eV sin(VA)

assume ¢1 # 0,A = n?7%,n=1,2,3,...,y(x) = cicos(VAz)

The possible values of A are

A=0 A=n’7%n=1,23,...

And the general solution is

y(x) =co + Z encos(n)

n=1



3. Consider the ordinary differential equation:
y'—y=0 (4)

a) Show that y(x) = bysinh(z) 4 bacosh(z) is a solution to (4).

y(x) = bisinh(z) + bacosh(z)
y'(x) = bicosh(z) + basinh(z)
y"(z) = bisinh() + bacosh(x)

/ (

y' —y = bisinh(z) + bacosh(z) — (bysinh(z) + bacosh(z)) =0

b) Show that if ¢; = &2 and ¢y = 2582 then

y(z) = c1€” + coe™" = bycosh(x) + bysinh(x)

y(z) = cre®+cpe”

b1 +b by —b
(245) (454

bi(e®+e %)  ba(e® —e™®)
2 + 2
= bycosh(z) 4 basinh(x)

The hyperbolic sine and cosine have the following taylor series representations:

St 2n 2n+1

cosh(z) = Z én ' sinh(z ; 1) (5)

¢) Assume that y(z) = Y7 ;a,z™ and find the general solution of (4)
ylx) = Z anz"” k=n
n=0

V@) = D e

y'(x) = Zan Yn—1)a"?  k=n-2

y//_y _ :0

= ian( (n—1ax i
n=0 n=0

Zak+2(k +2)(k + 1)a* — Zakmk =0

k=0 k=0
> lansa(k +2)(k +1) — alz* =0
k=0



since 2 can’t be 0, we assume
ak+2(k + 2)(k + ].) —ar =0

= gy = %,k:o,l,z&...
k=0 a2:2(;1
k=1 a3:3a_211 )
k=2 a4:4a23=4.3.22_1
h=3 “5:{4:5.4.3;.2 1
S T TR s
k=5 R NN
= for even k: agn:(;(;)!, n=20,1,2,3,...
= for odd k: a2n+1:ﬁ n=0,1,2,3,...
o 20+l
yl@) = aoz (2n)! @n+1)!
n=0
y(z) = aocosh( ) + aysinh(x)

a) Explain the physical interpretation of the maximum principle.

Temperature comes from either a source or from earlier in time, but
is not created from nothing.

b) Explain the relationship between the heat equation and the diffusion equa-
tion.

The diffusion equation is a non-linear form of the heat equation that
is derived from the continuity equation using Fick’s first law.

c) Write down the linear wave equation and explain ¢ and c(u).

0%u
—— =V

Where ¢ is the propagation speed of the wave. c(u) is a wave speed
dependent on the amplitude.

d) What physical phenomenon modeled by the linear wave equation? the non-
linear wave equation?

Linear wave equation models waves and vibrations. The non-linear
wave equation provides a more realistic model.



e) Define dispersion and give a physical example.

Dispersion is when the velocity of a wave is a function of frequency,
such as sound waves traveling through water.

5. Show that the following functions are solutions to their corresponding PDE’s.
a) u(x,t)=f(x-ct)+g(x+ct), 1-D wave equation

9 0
731: = —df’ + cg(+ chain rule) 782 =f+4
82 82
S5 = SISy GE=f+g
92 o
1-D wave eqn — a—tg = CZ@TCZ = 82(f” + g”) = Cz(f// + 9”)

b) u(z,t) = e~ tsin(wz), 1-D heat eqn, c=2

ou

il —4w26_4w2tsin(wm)
0 0?
8—5 = we_4w2tcos(wx) 8—;; = —w26_4w2tsin(wx)
0 0?
1-D heat eqn, c=2 — 8% = (4)(9—;;
= —4w2e_4w2tsin(wx) = —4w2e_4w2tsin(wm)
c) u(z,t) = x* + y*, 2-D poisson eqn: f(z,y) = 12(z? + 3?)
ou ou
hathed — 4 3 = 4 3
or . oy Y
0u 0%u
= 1202 =12
0x? v 0y? Y
. Pu  0%u
2-D poisson eqn — 32 + e = f(z,y) = 12(z* + %)
= 1222 +9%) = 12(2® +4?)
d) u(z,y,2) = \/ﬁ, 3-D laplace equation
ou —x
oxr (22492 4 22)3/2
Pu 3z N -1
92 (22 + g2+ 22)32 ' (22442 1 22)3/2
0%u 3y -1
57y2 - (22 +y2 + 22)3/2 + (22 + y2 + 22)3/2
0%u 322 -1
022 (22 g2+ 22)32 * (22 4+ y% 4 22)3/2



u  *u 0%
3-D laplace eqn — 92 + 87342 + 77 = 0

32?4 3y? + 322 -3 _0
(.132—|—y2+22)5/2 (.732—|—y2—|—22)3/2 -
N 3(z? + y* + 2%) -3 _
($2+y2+22)5/2 (.’I,‘2+y2+22)3/2
3 -3
= + =
($2+y2+22)3/2 (m2+y2+z2)3/2
=0 = 0



