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Figure 2 .6 : C h lad n i fi gures of two n ormal mod es of a stad ium plate. T h e mod e on th e

left h as a freq uen cy of 1 7 5 4 H z an d th e on e righ t 2 1 1 6 H z .

Figure 2 .7 : D isplacemen t of th e stad ium plate at two d iff eren t times wh en bein g d riven

in on e of its n ormal mod es. T h e measuremen t was performed with a laser-D oppler

vibrometer.

R M S sin e wave at th e freq uen c ies in d icated in th e caption . For more C h ald n i fi gures of

th e stad ium plate, see my web page.

Figure 2 .7 sh ows a d iff eren t visualization of a mod e of th e stad ium. T h ese are two

sn apsh ots of th e in stan tan eous d isplacemen t of th e plan e wh en bein g d riven in on e of its

mod es. T h e measuremen ts were mad e with a laser-D oppler vibrometer.

2.6 S p h e ric a l a n d C y lin d ric a l H a rm o n ic s

In th is section we will apply separation of variables to L aplace’s eq uation in sph erical an d

cylin d rical coord in ates. L aplace’s eq uation is importan t in its own righ t as th e corn er-

ston e of poten tial th eory, but th e wave eq uation also in volves th e L aplac ian d erivative,

so th e id eas d iscussed in th is section will be used to build solution s of th e wave eq ua-

tion in sph erical an d cylin d rical coord in ates too. T h e treatmen t given h ere is completely
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standard and I have nothing new to say on the su bject. The resu lts are g iven here for
convenience; bu t m any ex cellent tex tbook s cover the sam e g rou nd. A particu lar favorite
of m ine, for u nderg radu ates, is Classical E lectro m agn etic Rad iatio n by H eald and M arion
[5 ].

S pherical coordinates are im portant when treating problem s with spherical or nearly-
spherical sym m etry. To a fi rst approx im ation the earth is spherical and so is the hydrog en
atom , with lots of other ex am ples in-between. B efore we treat the wave eq u ation, let’s
look at the sim pler problem of L aplace’s eq u ation:

∇
2ψ(x, y, z) = 0. (2 .6 .1 )

In C artesian coordinates this is:

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
(2 .6 .2 )

L aplace’s eq u ation is fu ndam ental in g eophysics since it describes the behavior of static
electric and g ravitational fi elds ou tside of the reg ions where this is charg e or m atter.
For ex am ple, a point charg e q at the orig in creates an electric potential ψ(r) = q

r
.

As an ex ercise, carry ou t the diff erentiations of 1

r
= (x2 + y2 + z2)

−1/2
and show that

∇
2ψ(x, y, z) is identically zero for r > 0, where the charg e is located.

J oseph L ou is L ag rang e introdu ced the idea of potentials into his work
on g ravity. L ag rang e is alm ost u niversally described as one of the g reat
French m athem aticians, bu t he was actu ally born in Tu rin (in what is
now Italy) and baptized in the nam e of G iu seppe L odovico L ag rang ia.
L ag rang e, who work ed for over 2 0 years in B erlin, m ade fu ndam ental
contribu tions in nearly all areas of m athem atics and physics, in

particu lar astronom y, the stability of the solar system , m echanics, dynam ics, fl u id
m echanics, probability, and the fou ndations of the calcu lu s as well as nu m ber theory.
L ag rang e died in Paris in April 1 8 1 3 .

This and other biog raphical m aterial you will fi nd in this book com es larg ely from the
the S t. Andrews U niversity H istory of M athem atics W W W pag e:

http://www-groups.dcs.st-andrews.ac.uk /~history/Mathematicians.
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Pierre-Simon L ap lace really was French, having been born in N or-
mand y in 17 4 9 . L ap lace’s mathematical talents were recog nized early
and he moved to Paris when he was 19 to fu rther his stu d ies. L ap lace
p resented his fi rst p ap er to the Aca d ém ie d es S cien ces in Paris when
he was 21 years old . H e went on to make p rofou nd ad vances in d iff er-
ential eq u ations and celestial mechanics. L ap lace su rvived the

reig n of terror and was one of the fi rst p rofessors at the new E co le N o rm a le in Paris.
L ap lace p rop ou nd ed the nebu lar hyp othesis for the orig in of the solar system in his
E xpo sitio n d u sy stem e d u m o n d e. H e also ad vanced the rad ical p rop osal that there
cou ld ex ist stars so massive that lig ht cou ld not escap e them–we call these black holes
now! A nd Tra ité d u Méca n iqu e Céleste is still p rint and wid ely read . L ap lace also
mad e fu nd amental contribu tions to mathematics, bu t I will mention only his book
Th éo rie An a ly tiqu e d es P ro ba bilités. H e d ied on the third of M arch 18 27 in Paris.

W hen solving bou nd ary valu e p roblems for d iff erential eq u ations like L ap lace’s eq u ation,
it is ex tremely hand y if the bou nd ary on which you want to sp ecify the bou nd ary con-
d itions can be rep resented by hold ing one of the coord inates constant. For instance, in
C artesian coord inates the su rface of the u nit cu be can be rep resented by:

z = ±1, for − 1 ≤ x ≤ 1 and − 1 ≤ y ≤ 1

y = ±1, for − 1 ≤ z ≤ 1 and − 1 ≤ x ≤ 1

x = ±1, for − 1 ≤ z ≤ 1 and − 1 ≤ y ≤ 1

O n the other hand , if we tried to u se C artesian coord inates to solve a bou nd ary valu e
p roblem on a sp herical d omain, we cou ld n’t rep resent this as a fi x ed valu e of any of the
coord inates. O bviou sly this wou ld be mu ch simp ler if we u sed sp herical coord inates, since
then we cou ld sp ecify bou nd ary cond itions on, for ex amp le, the su rface r = constant.
The d isad vantag e to u sing coord inate systems other than C artesian is that the d iff erential
op erators are more comp licated . To d erive an ex p ression for the L ap lacian in sp herical
coord inates we have to chang e variables accord ing to: x = r cos φ sin θ, y = r sinφ sin θ,
z = r cos θ. The ang le θ ru ns from 0 to π, while the ang le φ ru ns from 0 to 2π.

H ere is the resu lt, the L ap lacian in sp herical coord inates:

∇
2ψ(x, y, z) =

1

r2

∂

∂r

(

r2
∂ψ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂ψ

∂θ

)

+
1

r2 sin2 θ

∂2ψ

∂φ2
(2.6 .3 )
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Phy sic a l in te rp re ta tio n o f the L a p la c ia n

In 1-d imensio n, L ap lace’s eq u atio n says: φ′′(x) = 0. T his eq u atio n can be integ rated
to g ive: φ(x) = a x+b. S o in 1-D any linear fu nc tio n (o r a c o nstant) satisfi es L ap lace’s
eq u atio n. T he L ap lac ian o p erato r itself measu res (mo re o r less) the c u rvatu re o f a
fu nc tio n o f sp ace. S o since L ap lace’s eq u atio n says that this mu st be zero , it stand s
to reaso n the harmo nic fu nc tio ns wo u ld be relatively smo o th.

2.6.1 se p a ra tio n o f va ria b le s

L o o k fo r so lu tio ns o f the fo rm: ψ(r, θ, φ) = R(r)P (θ)Q(φ). S o ,

∇
2ψ(r, θ, φ) =

1

r2

∂

∂r

(

r2
∂ψ

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂ψ

∂θ

)

+
1

r2 sin2 θ

∂2ψ

∂φ2
(2.6 .4 )

=
PQ

r2

d

dr

(

r2
dR

dr

)

+
RQ

r2 sin θ

d

dθ

(

sin θ
dP

dθ

)

+
RP

r2 sin2 θ

d2Q

dφ2
= 0.

D ivid ing , as u su al, by RPQ we have:

1

Rr2

d

dr

(

r2
dR

dr

)

+
1

Pr2 sin θ

d

dθ

(

sin θ
dP

dθ

)

+
1

Qr2 sin2 θ

d2Q

dφ2
= 0. (2.6 .5 )

T his lo o ks mo re c omp licated than what we had with rec tang u lar c o o rd inates. In fac t it
lo o ks like we’re stu ck since all three terms invo lve bo th r and θ. H owever, mu ltip lying
by r2 sin2 θ makes the third term ju st 1

Q

d2Q

dφ 2 . S o ,

sin2 θ

R

d

dr

(

r2
dR

dr

)

+
sin θ

P

d

dθ

(

sin θ
dP

dθ

)

= −
1

Q

d2Q

dφ2
. (2.6 .6 )

T his we can make some p ro g ress with since we have a fu nc tio n o f r and θ o n the left sid e
and a fu nc tio n o f φ o n the rig ht; therefo re bo th sid es mu st be eq u al to a c o nstant, which
we’ll call m2. T hu s

d2Q

dφ2
+m2Q = 0 (2.6 .7 )

and so Q mu st be p ro p o rtio nal to eim φ . In o rd er that the so lu tio n be c o ntinu o u s, we
mu st req u ire that Q(φ) = Q(φ+ 2π) so m mu st be an integ er. O f c o u rse, it may hap p en
that o ne is interested in so lving a bo u nd ary o n a su bset o f a sp here, in which case it may
no t be tru e that Q is c o ntinu o u s; in that case m need no t be an integ er.

N ex t, fo r the r and θ p art o f E q u atio n 2.6 .6 .

sin2 θ

R

d

dr

(

r2
dR

dr

)

= −
sin θ

P

d

dθ

(

sin θ
dP

dθ

)

+m2. (2.6 .8 )
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Again, to sep arate the r and θ we d ivid e by sin2 θ:

1

R

d

dr

(

r2dR

dr

)

= −

1

P sin θ

d

dθ

(

sin θ
dP

dθ

)

+
m2

sin2 θ
. (2 .6 .9 )

N ow we can intro d u ce ano ther sep aratio n c o nstant, call it k2. W ith this we get the rad ial
eq u atio n:

1

R

d

dr

(

r2dR

dr

)

= k2. (2 .6 .10)

T his tu rns o u t to be easy to so lve if we gu ess a trial so lu tio n o f the fo rm R = Arα.
P lu gging this into the rad ial eq u atio n we get:

α(α + 1)Arα
− k2Arα = 0 (2 .6 .11)

which imp lies that k2 = α(α + 1). N ow if we were to write the sep aratio n c o nstant k2 as
k2 = `(` + 1), then it wo u ld be easy to see that

α(α + 1) = `(` + 1) (2 .6 .12 )

is the same as

(α − `)(α + (` + 1) = 0. (2 .6 .13 )

T his eq u atio n is satisfi ed fo r α = ` and α = −(` + 1). In o ther wo rd s, the so lu tio n to

1

R

d

dr

(

r2dR

dr

)

= `(` + 1) (2 .6 .14 )

is

R(r) = A`r
` + B`r

−(`+ 1). (2 .6 .15 )

L astly, we mu st so lve the θ eq u atio n fo r P (i.e., the right sid e o f E q u atio n 2 .6 .9 set eq u al
to `(` + 1)):

1

sin θ

d

dθ

(

sin θ
dP

dθ

)

+

[

`(` + 1) −
m2

sin2 θ

]

P = 0. (2 .6 .16 )

T his is called L egend re’s eq u atio n and is sometimes written in terms o f the variable
x = co s θ since then, 1

sin θ

d

dθ
= −

d

dx
which lead s to

d

dx

[

(1 − x2)
dP

dx

]

+

[

`(` + 1) −
m2

1 − x2

]

P. (2 .6 .17 )

R emember that the angle θ ru ns from 0 to π, so the same interval in x c o rresp o nd s to
[−1, 1].
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The solu tions to E q u ations 2.6 .16 or 2.6 .17 are called associated Leg-

en dre fu nctions and are named after A d rien-M arie L eg end re, one of
the towering fi g u res of 18 th and 19 th centu ry mathematic s. L eg end re
was born (S ept 17 5 2) and d ied (J an 18 3 3 ) in Paris. H e prod u ced ma-
jor work s on nu mber theory, elliptic fu nctions, g eometry and celestial
mechanic s.

The stand ard way to proceed with the solu tion of L eg end re’s eq u ation is by power series.
The solu tion P is ex pand ed in a power series in x (or cos θ) of the form:

P (x) = (1 − x2)m/2

∞
∑

n= 0

anxn (2.6 .18 )

S ince the solu tions mu st be d efi ned on the interv al [−1, 1], we d o not inc lu d e any neg ativ e
powers of x. S o, to fi nd the coeffi c ients an, we insert the power series into E q u ation 2.6 .17
and d eriv e a rec u rsion relation. I will sk ip the d etails, which you can fi nd in many applied
mathematic s book s, bu t the essential id ea is that the power series solu tion d iv erg es at the
end -points x = ±1 u nless ` ≥ |m|. A nd in this case the power series actu ally terminates
and becomes a polynomial in x: the coeffi c ients an are zero when n > ` − |m|. This
is why the solu tions are called L eg end re polynomials; they are written P`m(x), with `

and m integ ers and ` ≥ |m|. S tric tly speak ing P`m(x) are called assoc iated L eg end re
polynomials. The term L eg end re polynomial is reserv ed to the spec ial case of m = 0.

The ca se o f a x ia l sy m m etry : m = 0

The separation constant m appears in both the φ (i.e., Q) and θ (i.e., P ) eq u ations.
H owev er, if m = 0 then Q(φ) is ju st a constant. S o, for problems which are symmetrical
abou t the z ax is (ind epend ent of φ) the θ eq u ation red u ces to

1

sin θ

d

dθ

(

sin θ
dP

dθ

)

+ `(` + 1)P = 0 (2.6 .19 )

while the x eq u ation red u ces to

(1 − x2)
d2P

dx2
− 2x

dP

dx
+ `(` + 1)P = 0. (2.6 .20)

The solu tion d epend s on only one ind ex now, `, and is written Pl(x). B y ex amining the
rec u rsion relation for the coeffi c ients of the power series one can d eriv e the following two
formu lae for the L eg end re polynomials:



2.6. S P H E R IC A L A N D C Y L IN D R IC A L H A R M O N IC S 5 3

P`(x) =
1

2``!

d`

dx`

(

x2
− 1

)`
. (2.6 .21)

P`m(x) = (−1)m(1 − x2)m/ 2 d
m

dxm
P`(x). (2.6 .22)

O f c o u rse Pm
` red u ces to P` when m = 0 . T hese ex pressio n fo r the L eg en d re po lyn omials

are referred to as Rod rigu es’ form u la e .2

S o the separable so lu tio n s to L aplace’s eq u atio n in vo lves mu ltiplyin g the r so lu tio n s
by the θ so lu tio n s by the φ so lu tio n s:

ψ(r, θ, φ) =

{

r`

r−(`+ 1)

}

P`m(c o s θ)eimφ (2.6 .23 )

which red u ces in the ax i-symmetric case to

ψ(r, θ, φ) =

{

r`

r−(`+ 1)

}

P`(c o s θ). (2.6 .24 )

T his is the fi n al resu lt o f separatio n o f variables. Yo u will have to tak e it o n faith
fo r n ow that any so lu tio n o f L aplace’s eq u atio n can be bu ilt u p by su perpo sitio n
o u t o f these basic separatio n o f variables so lu tio n s. In o ther wo rd s, any po tential

fu nc tio n (so lu tio n to L aplace’s eq u atio n ) can be written as:

ψ(r, θ, φ) =
∞
∑

`=0

∑̀

m=−`

(

A`mr
` +B`mr

−(`+ 1)
)

Y`m(θ, φ). (2.6 .25 )

S ho rtly, when we so lve bo u n d ary valu e pro blems fo r L aplace’s eq u atio n , all the wo rk
will bo il d own to c ompu tin g the A an d B c o effi c ien ts g iven the bo u n d ary valu es.

H ere are the fi rst few L eg en d re po lyn omials:

P1(x) = 1 (2.6 .26 )

P2(x) = x (2.6 .27 )

P3(x) =
1

2
(3x2

− 1) (2.6 .28 )

It is stan d ard to pu t the θ an d φ d epen d en ce o f the so lu tio n s to L aplace’s eq u atio n s to -
g ether in to a sin g le set o f fu n c tio n s called sp h erica l h a rm on ics.3 T he spherical harmo n ic s

2Rod riq u e s was ac tu ally B e n jam in O lin d e , born in B ord eau x in 1 7 9 4 , th e son of a wealth y J ewish

ban k e r. O lin d e stu d ie d m ath e m atic s at th e Eco le N o rm a le in Paris, tak in g h is d oc tors d e g re e in 1 8 1 6

with a th e sis con tain in g th e fam ou s form u lae for L e g e n d re polyn om ials.
3A h arm on ic is an y solu tion of L aplac e ’s e q u ation .
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are d efi n ed as:

Y`m(θ, φ) =

√

√

√

√

2` + 1

4π

(` − m)!

(` + m)!
P`m(θ, φ)eimφ . (2.6 .29 )

T h e fi rst few sph erical h arm o n ic s are:

Y00(θ, φ) =

√

1

4π
(2.6 .30 )

Y10(θ, φ) =

√

3

4π
c o s θ (2.6 .31)

Y1±1(θ, φ) = ∓

√

3

8π
sin θe±iφ (2.6 .32)

Y20(θ, φ) =

√

5

16π
(2 c o s2 θ − sin 2 θ) (2.6 .33)

Y2±1(θ, φ) = ∓

√

15

8π
c o s θ sin θe±iφ (2.6 .34)

Y2±2(θ, φ) =

√

15

32π
sin 2 θe±2iφ (2.6 .35)

2.6.2 Pro p e rtie s o f S p h e ric a l H a rm o n ic s a n d L e g e n d re

Po ly n o m ia ls

T h e L eg en d re po lyn o m ials an d th e sph erical h arm o n ic s satisfy th e fo llowin g “ o rth o g o -
n ality” relatio n s. We will see sh o rtly th at th ese pro perties are th e an alo g s fo r fu n c tio n s
o f th e u su al o rth o g o n ality relatio n s yo u alread y k n ow fo r vec to rs.

∫

−1

−1

P`′(x)P`(x)dx =
2

2` + 1
δ``′ (2.6 .36 )

∫

−1

−1

P`′m(x)P`m(x)dx =
2

2` + 1

(` + m)!

(` − m)!
δ``′ (2.6 .37 )

∫

4π
Y`m(θ, φ)Ȳ`′m′(θ, φ)dΩ =

∫

2π

0

∫ π

0

Y`m(θ, φ)Ȳ`′m′(θ, φ) sin θdθdφ = δ``′δmm′ (2.6 .38)
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where the over-bar d en otes com plex con ju g ation an d Ω represen ts solid an g le: dΩ ≡

sin θdθdφ. U sin g 4π as the lim it of in teg ration is sym bolic of the fact that if you in teg rate
dΩ over the sphere (θ g oin g from 0 to π an d φ g oin g from 0 to 2π) you g et 4π. N otice
that the secon d relation is slig htly d iff eren t than the others; it says that for an y g iven
valu e of m, the polyn om ials P`m an d P`′m are orthog on al.

There is also the followin g “ parity” property:

Y`m(π − θ, φ + π) = (−1)`Y`m(θ, φ). (2.6 .3 9 )

orthogonal fu nction exp ansions

The fu n c tion s P`(x) have a very spec ial property. They are co m p lete in the set of fu n c -
tion s on [−1, 1]. This m ean s that a n y (reason able) fu n c tion d efi n ed on [−1, 1] can be
represen ted as a su perposition of the L eg en d re polyn om ials:

f(x) =
∞∑

`= 0

A`P`(x). (2.6 .40)

To com pu te the coeffi c ien ts of this ex pan sion we u se the orthog on ality relation ex actly
as you wou ld with an ord in ary vector. For ex am ple, su ppose you wan t to k n ow the x−

com pon en t of a vector T. A ll you have to d o is tak e the in n er prod u c t of T with x̂. This
is becau se

T = Txx̂ + Tyŷ + Tzẑ

so
x̂ · T = Txx̂ · x̂ + Tyx̂ · ŷ + Tzx̂ · ẑ = Tx

sin ce x̂ · ẑ = x̂ · ŷ = 0 an d x̂ · x̂ = 1. W hen you tak e the in n er prod u c t of two vectors
you su m the prod u c t of their com pon en ts. The an alog of this for fu n c tion s is to su m the
prod u c t of the valu es of the fu n c tion at each poin t in their d om ain s. S in ce the variables
are con tin u ou s, we u se an in teg ration in stead of a su m m ation . S o the “ d ot” or in n er
prod u c t of two fu n c tion s f(x) an d g(x) d efi n ed on [−1, 1] is:

(f, g) =
∫

1

−1

f(x)g(x)dx. (2.6 .41)

S o, to fi n d the ex pan sion coeffi c ien ts of a fu n c tion f(x) we tak e the in n er prod u c t of f

with each of the L eg en d re “ basis vectors” P`(x):

∫
1

−1

f(x)P`′(x)dx =
∞∑

`= 0

A`

∫
1

−1

P`(x)P`′(x)dx =
∞∑

`= 0

A`

2

2` + 1
δ``′ =

2A`′

2`′ + 1
. (2.6 .42)

S o, the `-th coeffi c ien t of the ex pan sion of a fu n c tion f(x) is

A` =
2` + 1

2

∫
1

−1

f(x)P`(x)dx (2.6 .43 )
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Similarly, we can ex pan d an y fu n ction d efi n ed on th e su rface of th e u n it sph ere in terms
of th e Y`m(θ, φ):

ψ(θ, φ) =
∞
∑

`=0

∑̀

m=−`

A`mY`m(θ, φ) (2 .6 .44)

with ex pan sion coeffi cien ts

A`m =
∫

4π
ψ(θ, φ)Ȳ`m(θ, φ)dΩ. (2 .6 .45 )

For ex ample, wh at is th e ex pan sion in sph erical h armon ics of 1? O n ly th e ` = 0, m = 0
sph erical h armon ic is con stan t, so

1 =
√

4πY00.

In oth er word s, A`m =
√

4πδ0,0.

What is a fi e ld ?

T h e term “ fi eld ” is u sed to refer to an y fu n ction of space. T h is cou ld be a scalar
fu n ction or it cou ld be a vector or even ten sor fu n ction . E x amples of scalar fi eld s
in clu d e: temperatu re, acou stic pressu re an d mass d en sity. E x amples of vector fi eld s
in clu d e th e electric an d mag n etic fi eld s, g ravity, elastic d isplacemen t. E x amples of
ten sor fi eld s in clu d e th e stress an d strain in sid e con tin u ou s bod ies.

2.7 E x e rc ise s

1. Apply separation of variables to L aplace’s eq u ation in cylin d rical coord in ates:

∇2ψ(r, θ, z) =
1

r

∂

∂r

(

r
∂ψ

∂r

)

+
1

r2

∂2ψ

∂θ2
+
∂2ψ

∂z2
= 0.

an sw e r: We mak e th e, by n ow, stan d ard assu mption th at we can write th e solu tion
in th e form ψ(r, θ, z) = R(r)Q(θ)Z(z). P lu g g in g th is in to L aplace’s eq u ation an d
d ivid in g by RQZ we h ave:

1

Rr

d

dr

(

r
dR

dr

)

+
1

r2Q

d2Q

dθ2
+

1

Z

d2Z

dz2
. (2 .7 .1)

At th is poin t we h ave a ch oice as to th e ord er of th e solu tion . We cou ld fi rst isolate
th e z eq u ation or we cou ld isolate th e θ eq u ation . Also, in ch oosin g th e sig n of th e
separation con stan t, we are in eff ect ch oosin g wh eth er we wan t an ex pon en tially
d ecayin g solu tion or a sin u soid al on e. I su g g est isolatin g th e θ eq u ation fi rst sin ce
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we almo st always wan t o u r so lu tio n s to be co n tin u o u s in an g le. T hat mean s we
ex p ect the fu n d amen tal θ d ep en d en ce to be sin u so id al, so we write

r

R

d

dr

(

r
dR

dr

)

+
r2

Z

d2Z

dz2
= −

1

Q

d2Q

dθ2
= m2. (2 .7 .2 )

T his g ives u s
d2Q

dθ2
+ m2Q = 0 (2 .7 .3 )

which has so lu tio n s p ro p o rtio n al to e±imθ. N ow if we had cho sen the sep aratio n
co n stan t to be −m2, then we wo u ld have g o tten

d2Q

dθ2
− m2Q = 0 (2 .7 .4 )

the so lu tio n s o f which are p ro p o rtio n al to e±mθ. S in ce we u su ally d o n ’t ex p ect
ex p o n en tial d ecay with an g le, we cho o se the p lu s sig n fo r the sep aratio n co n stan t.
A s we will see sho rtly, the cho ice is less clear cu t fo r the o ther variables. In an y
case we n ow have fo r the r, θ d ep en d en ce:

r

R

d

dr

(

r
dR

dr

)

− m2 =
r2

Z

d2Z

dz2
(2 .7 .5 )

o r
1

Rr

d

dr

(

r
dR

dr

)

−

m2

r2
= −

1

Z

d2Z

dz2
. (2 .7 .6 )

O n ce ag ain we mu st d ecid e o n the sig n o f the sep aratio n co n stan t. L o o k in g at the z

eq u atio n we co u ld imag in g either sin u so id al o r ex p o n en tial d ep en d en ce. S o let’s d o
bo th cases. F irst let’s lo o k fo r ex p o n en tial z d ep en d en ce. T hat mean s we’ll n eed a
n eg ative sep aratio n co n stan t, say, −k2:

1

Rr

d

dr

(

r
dR

dr

)

−

m2

r2
= −

1

Z

d2Z

dz2
= −k2, (2 .7 .7 )

which imp lies
r

R

d

dr

(

r
dR

dr

)

+ r2k2
− m2 = 0 (2 .7 .8 )

an d
d2Z

dz2
− k2Z = 0. (2 .7 .9 )

T he Z so lu tio n s are n ow p ro p o rtio n al to e±iz .

N ow fo r the R so lu tio n s. T hese satisfy

r
d

dr

(

r
dR

dr

)

+
(

r2k2
− m2

)

R = 0



58 CHAPTER 2 . WAV ES AN D M OD ES IN ON E AN D TWO S PATIAL D IM EN S ION S

2
J

1
J

J0

5 10 15 20

-0.4

-0.2

0.2

0.4

0.6

0.8

1

Figure 2 .8 : The fi rst 3 cylin d rical B essel fun ction s.

The con stan t k arose from z−separation , so if we set k = 0 this correspon d s to n o
z−d epen d en ce. This is useful, for ex ample, in stud yin g the poten tials of lon g wires,
where we can n eglect the z-d epen d en ce. It is easy to show, similarly to what we
d id with the ax i-symmetric spherical harmon ic s, that in the case k = 0, the rad ial
solution s are of the form rm an d r−m (for m > 0). To see this just mak e a trial
solution of the form R(r) = A r

α, then show that this satisfi es the rad ial eq uation
if an d on ly if α2 = m2.

The rad ial eq uation above is almost in the stan d ard form of B essel’s eq uation .

Fried rich Wilhelm B essel (born 2 2 J uly 17 8 4 in M in d en , Westphalia,
d ied 17 M arch 18 4 6 in K on igsberg, P russia) was a lead in g fi gure in
19 th cen tury astron omy. B essel mad e fun d amen tal ad van ces in the
calculation of plan etary orbits an d is also well-k n own for his work as
a teacher an d ed ucation al reformer.

To get it in the stan d ard form we mak e the substitution : u = kr, then

1

u

d

du

(

u
dR

du

)

+

(

1 −

m2

u2

)

R = 0 (2 .7 .10)

or after multiplication by u2:

u
2
d2R

du2
+ u

dR

du
+
(

u
2
− m

2
)

R = 0 (2 .7 .11)

S olution s of this last eq uation are called cylin d rical B essel fun ction s an d are d en oted
by J

m
(u).

The power series solution to B essel’s eq uation can be foun d in man y tex tbook s on
d iff eren tial eq uation s an d electric ity an d magn etism such as [5 ]. H ere I will just
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quote th e result:

Jm(u) =
um

2mm!

∞
∑

`= 0

(−1)`

22``!(m + 1)(m + 2) · · · (m + `)
u2` (2.7 .12)

T h is is h ard to d eal with an aly tically . H owever for sm all an d larg e values of u = kr,
th ere are n ice an aly tic approx im ation s:

Jm(kr) ≈
1

(m + 1)!

(

kr

2

)m

kr < < 1 (2.7 .13 )

an d

Jm(kr) ≈

√

2

πkr
cos

(

kr −
mπ

2
−

π

4

)

kr > > 1 (2.7 .14)

sinu so id a l z-d e p end enc e a nd m o d ifi e d B e sse l fu nc tio ns

O n th e oth er h an d , if in stead of ch oosin g th e separation con stan t to be −k2 we h ad
ch osen k2, th en

1

Rr

d

dr

(

r
dR

dr

)

−

m2

r2
= −

1

Z

d2Z

dz2
= k2, (2.7 .15 )

an d we would h ave g otten Z solution s proportion al to e±ik z an d th e rad ial equation
would h ave been :

r
d

dr

(

r
dR

dr

)

− (k2r2 + m2)R = 0 (2.7 .16 )

or equivalen tly

r2d2R

dr2
+ r

dR

dr
− (k2r2 + m2)R = 0. (2.7 .17 )

T h e solution s of th is equation are called m od ifi ed B essel fun ction s (of th e fi rst
k in d ).

2. E x pan d f(x) = e−|x| on [−1, 1] in term s of ` = 0, 1, 2 L eg en d re poly n om ials.

a nsw e r: A0 = 1 −
1
e
. A1 = 0. A2 = 25

2
−

3 5
e
.

3 . A g roun d ed con d uctin g sph ere of rad ius a is placed in a plan e parallel electric fi eld
E = E0ẑ. W h at is th e electric fi eld outsid e th e con d uctor?

a nsw e r: F irst we will com pute th e poten tial V (r, θ, φ) th en we will tak e th e g ra-
d ien t of th is to g et th e electric fi eld . S in ce th e electric fi eld is ax isy m m etric about
th e z−ax is, in fact th e poten tial d oes n ot d epen d on φ. S o we can be sure th at we
can write th e un k n own poten tial as:

V (r, θ) =
∞
∑

`= 0

(

A`r
` + B`r

−(`+ 1)
)

Pl(cos θ).
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We have two bou n d a ry con d ition s tha t we ca n a pply. First the poten tia l on the
su rfa ce is zero, so

V (r = a, θ) =
∞
∑

`= 0

(

A`a
` + B`a

−(`+ 1)
)

Pl(cos θ) = 0.

T he secon d bou n d a ry con d ition is tha t a s r → ∞, the poten tia l mu st a pproa ch
tha t of the orig in a l, u n pertu rbed E -fi eld :

lim
r → ∞

V (r, θ) = −E0z

where E = −∇ (−E0z). If we a pply the orthog on a lity con d ition to the r = a

bou n d a ry con d ition , we c a n see tha t

0 =
∞
∑

`= 0

(

A`a
` + B`a

−(`+ 1)
)

∫ 1

−1
Pl(x)P`′(x)d x

=
∞
∑

`= 0

(

A`a
` + B`a

−(`+ 1)
) 2

2` + 1
δ``′

= A`a
` + B`a

−(`+ 1) . (2.7 .18 )

S o we en d u p with the con stra in t tha t: B` = −a2`+ 1A`.

N ex t we a pply the la rg e-r con d ition . In the limit of la rg e r, ou r bou n d a ry con d ition
on ly con stra in s terms in volvin g positive power of r, sin ce the n eg a tive powers of r

g o to zero. S o we mu st have

lim
r → ∞

−E0r cos θ ≡ lim
r → ∞

−E0rP1(cos θ) =
∞
∑

`= 0

A`r
`P`(cos θ).

It is c lea r from this tha t we ca n sa tisfy the bou n d a ry con d ition a t in fi n ity on ly if
a ll the of A coeffi c ien ts a re zero ex pect the ` = 1 term. S o A` = 0 for a ll ` ex cept
1, a n d A1 = −E0. We combin e this with the con stra in t we fou n d on the A a n d B

coeffi c ien ts a bove to g et: B1 = −A1a
3 = E0a

3. With the resu lt tha t the poten tia l
everywhere ou tsid e the sphere is:

V (r, θ) = −E0r cos θ + E0a
3 cos θ

r2
= −E0

(

1 −

(

a

r

)3
)

r cos θ.

From this it follows by ta k in g the g ra d ien t in spheric a l coord in a tes tha t:

Er = E0

(

1 + 2
(

a

r

)3
)

cos θ

a n d

Eθ = −E0

(

1 −

(

a

r

)3
)

sin θ.
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4. A g ro u n d ed , spherical c o n d u c to r o f rad iu s a is placed in an electric fi eld su ch that
far away from the sphere the po ten tial is V (r, θ, φ) = r2 sin 2θ c o s φ. F in d the
po ten tial everywhere o u tsid e the sphere.

answe r: We can write an y so lu tio n o f L aplace’s eq u atio n as:

ψ(r, θ, φ) =
∑

`,m

(

A`mr
` +B`mr

−(`+ 1)
)

Y`m(θ, φ). (2.7 .19 )

In this case we are to ld that far away from the c o n d u c to r the po ten tial is: r2 sin 2θ c o s φ.
O K , fo r larg e r we can o n ly say somethin g abo u t the A c o effi c ien ts sin ce the terms
in vo lvin g the B c o effi c ien ts d ecay at least as fast as 1/ r. O f the A c o effi c ien ts it
is c lear that sin ce the fi eld mu st be pro po rtio n al to r2 fo r larg e r, o n ly the ` = 2
terms can be n o n zero . S o straig ht away we can see that fo r larg e r the fi eld mu st
be o f the fo rm

ψ(r → ∞, θ, φ) = r2 (A22Y22 + A21Y21 + A20Y20 + A2−1Y2−1 + A2−1Y2−2) .
(2.7 .20)

If yo u lo o k at the ` = 2 spherical harmo n ic s yo u will see that o n ly the m = 1 terms
are n eed ed :

Y21 = −

√

15

8π
sin θ c o s θeiφ

an d

Y2−1 =

√

15

8π
sin θ c o s θe−iφ

so
√

8π

15
(Y2−1 − Y21) = 2 sin θ c o s θ c o s φ.

In fact, sin ce sin 2θ = 2 sin θ c o s θ, it fo llows that:

r2 sin 2θ c o s φ =

√

8π

15
r2 (−Y21 + Y2−1) . (2.7 .21)

T herefo re Y21 = −A2−1 = −

√

8π
15
.

N ow ju st as we d id in the previo u s pro blem, we can apply the bo u n d ary c o n d itio n
that ψ(r = a, θ, φ) = 0 to g ive a c o n strain t o n the A an d B c o effi c ien ts:

B`m = −a2`+ 1A`m. (2.7 .22)

H en ce o n ly B21 = a5
√

8π
15

an d B2−1 = −a5
√

8π
15

are n o n zero . S o n ow we have all
fo u r n o n zero c o effi c ien ts in the spherical harmo n ic ex pan sio n o f ψ:
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ψ(r, θ, φ) =

√

8π

15

[(

−r2 +
a5

r3

)

Y21 +

(

r2
−
a5

r3

)

Y2−1

]

=

√

8π

15

(

r2
−
a5

r3

)

(−Y21 + Y2−1) (2.7 .23 )

=

(

1 −

(

a

r

)

5
)

r2 sin 2θ co s φ. (2.7 .24)

N o tice th at th is ag rees with th e bo u n d ary co n d itio n wh en r = a. Always ch eck
yo u r resu lts ag ain st wh at yo u kn ow.

5 . S u ppo se th e po ten tial is co n stan t o n a sph ere o f rad iu s a: ψ(r = a, θ, φ) = V0.
U se th e sph erical h arm o n ic ex pan sio n o f L aplace’s eq u atio n to fi n d th e po ten tial
everywh ere o n th e ex terio r o f th e sph ere.

answe r: O n th e su rface o f th e sph ere, th e po ten tial is a co n stan t. O n ly th e
` = m = 0 sph erical h arm o n ic is co n stan t so

ψ(r = a, θ, φ) = V0 = V0

√

4πY00. (2.7 .25 )

T h is m ean s th at o n ly th e ` = m = 0 term in th e ex pan sio n o f th e fi eld is presen t.
T h is tells u s im m ed iately th at

ψ(r, θ, φ) =
(

A00 +B00r
−1
)

Y00. (2.7 .26 )

U su ally we d o n ’t care abo u t co n stan t po ten tials sin ce th ey d o n ’t co n tribu te to th e
electric o r g ravitatio n al fi eld s (th e g rad ien t o f a co n stan t is zero ). S o we can always
sh ift th e po ten tial by a co n stan t am o u n t with o u t ch an g in g ph ysics; th is m ean s th at
we can ig n o re th e A00 term . At r = a we h ave:

ψ(r = 0, θ, φ) = B00a
−1Y00 = V0

√

4πY00, (2.7 .27 )

so B00 = V0a
−1
√

4π an d th e co m plete po ten tial o u tsid e th e sph ere is

ψ(r, θ, φ) =
(

V0a
√

4π
)

r−1Y00 =
aV0

r
. (2.7 .28)

6 . C o n sid er th e g ravitatio n al po ten tial o n th e E arth ’s su rface. T h e E arth is n o t ex actly
a sph ere. A better appro x im atio n is:

ψ(r = R, θ, φ) = V0 (1 − J2P2(co s θ))

wh ere J2 an d V0 are co n stan ts. T h is is a bit o f a trick actu ally sin ce we’re still
assu m in g th e su rface is a sph ere. W h at is th e po ten tial fo r r > R?
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answe r: On the su rface r = R the potential d epend s only on θ, so

ψ(r = R, θ) = V0 (1 − J2P2(cos θ)) . (2 .7 .2 9 )

S ince this problem is ax i-symmetric (no φ-d epend ence), the complete solu tion of
L aplace’s eq u ation is

ψ(r, θ) =
∞
∑

`= 0

(

A`r
` +B`r

−(`+ 1)
)

P`(cos θ). (2 .7 .3 0)

A pplying the bou nd ary cond ition we have

V0 (1 − J2P2(cos θ)) =
∞
∑

`= 0

(

A`R
` +B`R

−(`+ 1)
)

P`(cos θ). (2 .7 .3 1)

U sing the orthog onality of the L eg end re polynomials this eq u ation implies two
constraints on the A and B coeffi c ients:

V0 = A0 +B0R
−1

and
−J2V0 =

(

A2R
2 +B2R

−3
)

.

T he g ravitational potential of the E arth cannot g row as you g o farther away from
the su rface, so the A2 term mu st be zero. A nd as before we can set any constant
potential term to zero. S o we’re left with: B0 = RV0 and B2 = −J2V0R

3. W hich
g ives for the fi nal solu tion:

ψ(r, θ, φ) =
V0R

r

[

1 − J2

(

R

r

)2

P2(cos θ)

]

. (2 .7 .3 2 )

T he term J2 correspond s to the fl attening of the E arth. If this term is zero, we’re
left with the u su al 1/ r potential which eq u als V0 on the su rface. In any case, the
eff ects of the J2 term d ecay lik e 1/ r2 as you reced e from the E arth’s su rface.

7 . C onsid er two concentric , cond u c ting spheres of rad iu s r0 and r1 respectively. T he
inner sphere is g rou nd ed while the ou ter sphere is held at a fi x ed potential V0.
F ind the potential between the spheres by d irectly integ rating L aplace’s eq u ation
in spherical coord inates. H int: this problem is spherically symmetric .

answe r: T he spherical symmetry implies that the solu tion d epend s only on r.
T herefore L aplace’s eq u ation red u ces to

∇
2φ(r) =

1

r2

∂

∂r

(

r2∂φ

∂r

)

= 0.

T his implies that r2 ∂φ

∂r
is a constant; call it c. Integ rating once more we have

φ(r) = d−
c

r
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where r is the secon d in teg ration con stan t. A pplyin g the two bou n d ary con d ition s
we can see that c = V0(r1r0)

r1−r0

an d d = c

r
. T he fi n al resu lt is that

φ(r) = V0
r1
r

r − r0
r1 − r0

= V0

[

1 − r0

r

1 − r0

r1

]

.

8. T wo fu n c tion s f(x) an d g(x) d efi n ed on an in terval [−1, 1] are said to be orthog on al
on that in terval if (f, g) ≡

∫ 1
−1 f(x)g(x)dx = 0. S imilarly we can d efi n e the sq u ared

“ len g th” of a fu n c tion on the in terval by: (f, f) =
∫ 1
−1 f

2(x)dx. H ere are two

fu n c tion s (polyn omials of zeroth an d fi rst ord er) Q0(x) =
√

1
2

an d Q1(x) =
√

3
2
x,

that are orthog on al an d have u n it len g th. C ompu te the u n iq u e q u ad ratic fu n c tion
Q2(x) by u sin g the three con d ition s:

(Q0, Q2) = 0

(Q1, Q2) = 0

(Q2, Q2) = 1

answe r: S in ce Q2 is a q u ad ratic , it can be written Q2(x) = ax2 + bx + c. T he
con d ition s (Q0, Q2) = 0 an d (Q1, Q2) = 0 force b = 0 an d c = −1/3a. T he

n ormalization con d ition (Q2, Q2) g ives c = 3
2

√

5
2
. S o,

Q2(x) =
3

2

√

5

2

(

x2
−

1

3

)

.

9 . • G ive the spherical harmon ic ex pan sion of sin θ cos φ.

• If this is the poten tial on a con d u c tin g sphere of rad iu s 1, what is the poten tial
for r > 1? .

answe r: In the absen ce of an y other fi eld s, for solu tion s on the ex terior of bod ies
we wan t poten tials that d ecay with r. S o the g en eral solu tion mu st be of the form

ψ(r, θ, φ) =
∞
∑

`=0

`
∑

m=−`

A`mr
−(`+ 1)Y`m(θ, φ)

T he bou n d ary con d ition is:

ψ(r = 1, θ, φ) =
∞
∑

`=0

`
∑

m=−`

A`mY`m(θ, φ) = sin θ cos φ.

B u t the rig ht-han d sid e is

sin θ cos φ =
1

2

√

8π

3
(Y11 − Y1−1) .
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So clearly on ly the ` = 1 A−coeffi cien ts are n on zero: A11 = −A1−1 = 1

2

√

8π
3

. H en ce,
the poten tial ou tsid e the sphere is

ψ(r, θ, φ) =
1

2

√

8π

3
r−2 (Y11 − Y1−1) =

sin θ cos φ

r2
.

10. T he 2D L aplace’s eq u ation in C artesian coord in ates is:

∇
2ψ(x, y) =

∂2ψ

∂x2
+
∂2ψ

∂y2
= 0.

A pply separation of variables to this eq u ation to g et two ord in ary d iff eren tial eq u a-
tion s. Solve these eq u ation s. E x plain how the choice of sig n of the separation
con stan t in fl u en ces the solu tion s.

answe r: B y the n ow stan d ard arg u m en t, we look for solu tion s of the form X(x)Y (y),
in which case L aplace’s eq u ation red u ces to:

X ′ ′

X
= −

Y ′ ′

Y
.

So we can choose the separation con stan t to be either k2 or −k2. If we choose the
plu s sig n , then the solu tion will be oscillatory in the y d irection an d ex pon en tial in
the x d irection . If we choose the n eg ative sig n , the solu tion will be oscillatory in
the x d irection an d ex pon en tial in the y d irection . E .g ., with the positive sig n we
g et

X ′ ′
− k2X = 0

an d

Y ′ ′ + k2Y = −0.

So the basic solu tion s are of the form

ψ(x, y) =
∑

k

eikxe−ky

or

ψ(x, y) =
∑

k

e−kxeiky

2.8 M o re o n ve c to rs

In the n ex t chapter we will stu d y vectors system atically, bu t you alread y k n ow q u ite a
lot abou t them . You were tau g ht that a vector is som ethin g that has both a m ag n itu d e
(len g th) an d d irection . E x am ples in clu d e g ravity an d the electric fi eld . You also k n ow


