
Model	laser	cavity	

OC	

R2	R1	

HR	

L = Lcav + lcry n −1( )

lcry Ab	

V=AbL=	mode	volume	

Va=	lcry	Ab	=	ac8ve	mode	volume	

 Li Internal	passive	losses	

TRT = 2L
c

Round-trip	8me	

φ = ρ V
hν21

Total	number	of	
photons	in	cavity	 ρ = 2I

c

Energy	density.	2	I	=	average	
intensity	(both	direc8ons),	
neglec8ng	standing	wave	
interference	

φ = 2I
c
L Ab
hν21

= I Ab TRT
hν21



Laser	dynamics	equa4ons,	ini4al	condi4ons	

•  Coupled	equa8ons	for	photon	number	and	inversion	density	

Ini8al	condi8ons	(t=0)		
•  ‘cold’	cavity	(gain	switching,	relaxa8on	oscilla8ons)	

–  Rp	was	at	0	(no	pump),	the	pump	turns	on	
–  N2	starts	at	0	
–  No	lasing,	but	φ=1,	represen8ng	1	photon	popula8ng	the	laser	mode	

(QED	vacuum	fluctua8ons	that	s8mulate	spontaneous	emission)	

•  Q-switching	
–  Rp	on	before	t<0,	N2	in	equilibrium,	but	no	lasing	

dφ
dt

=VaBN2 φ +1( )− φ
τ c

dN2

dt
= RP − Bφ N2 − N2 /τ 21



Laser	start-up	dynamics	

•  “cold”	cavity:	pump	turns	on	

•  Once	threshold	is	reached	
    ϕ	starts	to	build	up	exponen8ally		

–  For	opera8on	just	above	threshold,	let	

φ = 0
dN2

dt
= RP − N2 /τ 21
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t	(μs)	

dφ
dt

=VaBN2φ −
φ
τ c

N2 t( ) = RPτ 21 1− e− t /τ 21( )

N2 = Nth +δN2

dφ
dt

=VaB Nth +δN2( )φ − φ
τ c

Nth =
γ

σ lcry
τ c = L γ c



Relaxa4on	oscilla4ons	

•  Spiking	of	laser	output	before	stabiliza8on	
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Small-signal	analysis	of	relaxa4on	
oscilla4ons	

•  Inversion	density:	start	from	8me	dependent	equa8on	

•  Assume	small	departure	from	equilibrium,	constant	Rp		

–  Neglect	products	of	small	terms	
–  Equilibrium	values	add	to	zero	

dN2

dt
= RP − Bφ N2 − N2 /τ 21

d ′N
dt

= RP − B φ0 + ′φ( ) N0 + ′N( )− N0 + ′N( ) /τ 21

d ′N
dt

= − Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟

′N − B ′φ N0

d ′N
dt

= RP − B φ0N0 + ′φ N0 +φ0 ′N + ′φ ′N( )− N0 + ′N( ) /τ 21



Small-signal	analysis	of	relaxa4on	
oscilla4ons	

	•  Photon	number:	start	from	8me	dependent	equa8on	

•  Assume	small	departure	from	equilibrium,	constant	Rp		

–  Neglect	products	of	small	terms	
–  Equilibrium	values	add	to	zero	

dφ
dt

=VaBN2φ −
φ
τ c

d ′φ
dt

=VaB N0 + ′N( ) φ0 + ′φ( )− φ0 + ′φ( )
τ c

d ′φ
dt

= VaBN0 −
1
τ c

⎛
⎝⎜

⎞
⎠⎟

′φ +VaB ′N φ0

d ′φ
dt

=VaB N0φ0 + ′N φ0 + N0 ′φ + ′N ′φ( )− φ0 + ′φ( )
τ c

d ′φ
dt

=VaB ′N φ0



Coupled	equa4ons:	damped	SHO	

•  Convert	two	1st	order	eqns	to	one	2nd	order	

d ′φ
dt

=VaB ′N φ0

d 2 ′N
dt 2

+ Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟
d ′N
dt

+ B VaB ′N φ0( )N0 = 0

d ′N
dt

= − Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟

′N − B ′φ N0

d 2 ′N
dt 2

= − Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟
d ′N
dt

− B d ′φ
dt

N0

VaBN0 −
1
τ c

= 0

d 2 ′N
dt 2

+ Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟
d ′N
dt

+ Bφ0
τ c

′N = 0



Relaxa4on	oscilla4on	solu4on	

•  Compare	to	standard	SHO	equa8on:	

•  Expect	exponen8al	solu8ons	

•  Oscillatory	solu8ons	if		

d 2 ′N
dt 2

+ Bφ0 +
1
τ 21

⎛
⎝⎜

⎞
⎠⎟
d ′N
dt

+ Bφ0
τ c

′N = 0
d 2 ′N
dt 2

+ 2
t0
d ′N
dt

+Ω0
2 ′N = 0

′N t( ) = ′N0e
pt

p2 + 2
t0
p +Ω0

2 = 0 → p = − 1
t0
± 1

t0
2 −Ω0

2

Ω0 >
1
t0

→Ω = Ω0
2 − 1

t0
2

′N t( ) = ′N0e
− t /t0 cos Ωt + β( ) ′φ t( ) = ′φ0e

− t /t0 sin Ωt + β( )



Dynamic	solu4ons	

•  Change	in	N	leads	response	in	ϕ

•  Damping timescale depends on pumping level

•  Oscillation frequency 

–  Typically no oscillations, spiking in gas lasers
–  Ripple in pump can drive oscillation	
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Relaxa4on	oscilla4ons	in	a	gain-switched	
CeNd:YAG	laser	

•  Square	pump	pulse	

Onset	of	lasing	

Oscillations 

Cavity decay 

Transient	behavior	can	lead	to	quan8ta8ve	informa8on	about	laser	



Gain	switching:	controlled	relaxa4on	
oscilla4on	

•  Pulse	laser	by	stopping	pump	acer	first	ini8al	spike	
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Q-switching	

•  Use	an	addi8onal	component	to	hold	off	lasing	to	
allow	build	up	of	stored	energy	
–  Inversion	density	can	reach	levels	much	higher	than	
threshold	

•  Ac8ve	q-switch:	can	trigger	externally		
–  Electro-op8c,	Acousto-op8c	

•  Passive	q-switch:	cheaper,		
–  Saturable	absorber,	e.g.	dye,	Cr:YAG,	…	

•  Pumping:		
–  Pulsed	pump:	deliver	pump	energy	in	t	<	t21	
–  CW	pump:	repe88ve	Q-switching,	high	reprate.	
Op8miza8on	for	average	power	vs	peak	pulse	energy	



Q-switching	dynamics	

•  Start	with	high	inversion	density	
•  Fast	opening	of	switch	
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Output	pulse	is	orders	of	
magnitude	shorter	dura8on	
than	gain	switching.		
	
Leading	edge	dura8on:		
-  Gain	controls	build	up	8me	
-  Hold-off	of	buildup	allows	

the	gain	to	reach	high	values	

Trailing	edge	dura8on:		
-  Satura8on	and	cavity	loss	



Electro-op4c	q-switch	

•  High	voltage	on	nonlinear	crystal	controls	
birefringence:	0	to	quarter-wave	



Acousto-op4c	q-switch	

•  RF	transducer	launches	high	amplitude	sound	wave	in	
crystal	

•  Wave	acts	as	a	gra8ng	and	scakers	light	out		



Cavity-dumping	

•  No	par8ally	transmilng	mirror	–	polariza8on	control	
only	



Fast	Q-switching	dynamics:	pumping	

•  We	can	separate	steps	since	8mescales	are	different	
•  Pump	phase	(Q-sw	closed)	

–  Pump	pulse	dura8on	<<	fluorescence	8me	

–  Acer	pumping,	inversion	is	below	threshold	for	closed	cavity	
–  Inversion	is	above	threshold	for	open	cavity	

dN2

dt
= RP − Bφ N2 − N2 /τ 21

dφ
dt

=VaBN2φ −
φ
τ c

φ0 = 0
dN2

dt
= RP − N2 /τ 21

dN2

dt
= RP t( )→ N2 t( ) = Rp ′t( )d ′t =

Ep

Vahν p0

t

∫

Xpump =
Ninit

Nth

=
Ep

Ecr

Nth =
γ

σ 21lcry

Ninit =
Ep

Vahν p



Fast	Q-switching	dynamics:	build-up	

•  Q-sw	opens,	photon	number	can	accumulate	
–  For	sufficient	gain,	build	up	is	faster	than	fluor	8me	
–  Before	satura8on,	N2	is	steady	=	Ninit		

dφ
dt

=VaBNinitφ −
φ
τ c

= VaBNinit −
1
τ c

⎛
⎝⎜

⎞
⎠⎟
φ

dφ
dt

= VaB XpumpNth −
1
τ c

⎛
⎝⎜

⎞
⎠⎟
φ = Va

σ 21c
V

Xpump
γ

σ 21lcry
− 1
τ c

⎛

⎝⎜
⎞

⎠⎟
φ Nth =

γ
σ 21lcry

τ c = L γ c

B = σ 21c
Vdφ

dt
=

lcry
L
c Xpump

γ
lcry

− 1
τ c

⎛

⎝⎜
⎞

⎠⎟
φ = φ

τ c
Xpump −1( )

φ t( ) = exp Xpump −1
τ c

t
⎡

⎣
⎢

⎤

⎦
⎥

Xpump =
Ninit

Nth

Exponen8al	growth	during	build-up	



Fast	Q-switching	dynamics:	pulse	peak	

•  At	peak	of	pulse,	slope	of	pulse	shape	=	0	

–  N2	has	dropped	down	to	Nth	

•  Acer	peak,	photon	number	decays	
–  N2=Nfin	
–  Nfin~0	if	enough	satura8on		

dφ
dt

=VaBN2φ −
φ
τ c

= VaBN2 −
1
τ c

⎛
⎝⎜

⎞
⎠⎟
φ = 0→ N2 =

1
VaBτ c

= Nth
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dφ
dt

= − φ
τ c

→φ t( ) ~φpk exp −t /τ c[ ]
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Peak	photon	number	in	Q-switched	pulse		

•  Trick	to	get	ϕpk: 
–  if we neglect fluorescence, ϕ and N2 are connected
–  Also negect pumping during pulse duration

–  Integrate from initial to peak	

dφ
dN2

= dφ dt
dN2 dt

= VaBN2φ −φ τ c
−Bφ N2

= −Va +
1

Bτ cN2

φpk − 0 = −Va +
1

Bτ cN2

⎛
⎝⎜

⎞
⎠⎟Ninit

Nth

∫ dN2 =Va Ninit − Nth( )− 1
Bτ c

ln Ninit

Nth

⎡

⎣
⎢

⎤

⎦
⎥

φpk

Va
= Ninit − Nth − Nth ln Xpump⎡⎣ ⎤⎦

= photons extracted - photons lost during build-up

Xpump =
Ninit

Nth



Peak	output	power	

•  Output	power	is	propor8onal	to	photon	number	

Pout (t) =
γ 2hν
TRT

φ(t)

Ppk =
γ 2hν
TRT

φpk =
γ 2hν
TRT

Va Ninit − Nth − Nth ln Xpump⎡⎣ ⎤⎦( )

Ppk =
γ 2hν
TRT

VaNinit 1−
Nth

Ninit

− Nth

Ninit

ln Xpump⎡⎣ ⎤⎦
⎛
⎝⎜

⎞
⎠⎟

Xpump =
Ninit

Nth

Ppk =
γ 2
TRT

Einit 1−
1

Xpump

1+ ln Xpump⎡⎣ ⎤⎦( )⎛

⎝⎜
⎞

⎠⎟



Total	photon	number	

•  Integrate	over	history	of	pulse	

	
	
	

•  Get	qty	in	red	from	N2	equa8on:		

dN2

dt
= −Bφ N2 → Ninit − N fin = Bφ N2 dt

0

∞

∫

dφ
dt

=VaBN2φ −
φ
τ c

→ dφ = φ ∞( )−φ 0( )∫ = 0

VaBN2φ −
φ
τ c

⎛
⎝⎜

⎞
⎠⎟
dt∫ =Va BN2φ dt∫ − 1

τ c
φ dt∫ = 0

φ dt∫ = τ cVa BN2φ dt∫ = τ cVa Ninit − N fin( )
Nfin	=	inversion	density	
									lec	acer	pulse	



Q-switched	output	energy	

•  Output	energy	from	OC	results	from	integra8on	over	total	
photon	number	

	

Eout = Pout (t)dt∫ = γ 2hν
TRT

φ(t)dt∫

Eout = γ 2hν
c
2L

τ cVa Ninit − N fin( )

φ dt∫ = τ cVa Ninit − N fin( )

Eout = γ 2hν
c
2L

L
γ c
Va Ninit − N fin( ) = γ 2

2γ
hνVa Ninit − N fin( )

τ c = L γ c

Output	coupling/total	losses	

Eout =
γ 2
2γ

hνVaNinit

Ninit − N fin

Ninit

⎛
⎝⎜

⎞
⎠⎟
≡ γ 2
2γ

EinitηE

Total	energy	extracted	

ηE	=Extrac8on	
							efficiency	



Q-switching	extrac4on	efficiency	
•  When	pulse	finishes,	some	stored	energy	can	be	lec		
•  To	get	final	inv	density,	integrate	ϕ(N)	from	ini8al	to	final	

–  Extrac8on	efficiency:		

φ(N )dN =∫ 0 − 0 =Va Ninit − N fin( )− 1
Bτ c

ln Ninit

N fin

⎡

⎣
⎢

⎤

⎦
⎥

ηE =
Ninit − N fin

Ninit

= 1
Bτ cVaNinit

ln Ninit

N fin

⎡

⎣
⎢

⎤

⎦
⎥ =

Nth

Ninit

ln Ninit

N fin

⎡

⎣
⎢

⎤

⎦
⎥

ηE = 1−
N f

Npk

→
Npk

N f

= 1
1−ηE

ηE =
1

Xpump

ln 1
1−ηE

⎡

⎣
⎢

⎤

⎦
⎥

Xpump =
Ninit

Nth

ηE 
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Es4mate	Q-switched	pulse	dura4on	

•  From	the	output	energy	and	the	peak	power,	we	can	es8mate	
the	dura8on	of	the	pulse	

τQ ≈ Eout

Ppk
=

γ 2
2γ

EinitηE

γ 2
TRT

Einit 1−
1

Xpump

1+ ln Xpump⎡⎣ ⎤⎦( )⎛

⎝⎜
⎞

⎠⎟

τ c =
L
γ c

= TRT
2γ
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Xpump	

τQ/τc 

Output	dura)on	
limited	by	τc	

τQ ≈ τ c
ηE

1− 1
Xpump

1+ ln Xpump⎡⎣ ⎤⎦( )



Example:	Q-switched	microchip	laser	

532μm	

904μm	



More	Q-switching	regimes	

•  Slow,	ac8ve	Q-switch	
–  Opening	8me	is	finite,	include	t-dependent	loss	during	
build-up	

•  Cavity	dumping	
–  Build-up	to	satura8on,	no	output,	then	switch	all	out	

•  Passive	Q-switch,	saturable	absorber	
–  Third	equa8on	to	keep	track	of	NSA	
–  Gain	builds	to	reach	a	higher	Nth,	then	SA	saturates	during	
build	up	

–  Pulse	energy,	dura8on	depend	on	pumping	level		
–  For	CW	pump,	rep	rate	also	depends	on	pumping	level	
–  Design:	OD	of	unsaturated	loss,	beam	size	in	SA	



Mode-locking	

•  Q-switched	pulse	dura8on	is	limited	by	cavity	photon	life8me.	
Cavity	dump:	round	trip	8me	

•  For	shorter	pulses,	we	need	broad	spectral	bandwidth	
–  Run	CW	on	many	longitudinal	modes	
–  Random	phase	is	just	a	noisy	laser	
–  Must	lock	phase	of	the	longitudinal	modes	

•  Ac8ve	mode-locking	
–  Intracavity	device	to	modulate	loss,	synced	up	with	the	repe88on	
rate	

•  Passive	mode-locking	
–  Nonlinear	effect	that	leads	to	lower	loss	during	pulse	



Fourier	transforms:	t-ω	domain	

•  In	EM,	our	signals	are	complex	fields	
•  1/2π	factor	is	lumped	into	inverse	transform	
•  ω	is	our	frequency	variable,	not	ν.	This	affects	the	normaliza8on	

constants.	
•  Note	signs	of	exponents:	this	is	8ed	to	our	exp(-i	ω	t)	conven8on	
•  Techniques	

–  Analy8c:	apply	transform	IDs	and	theorems	to	decompose	a	transform	into	its	parts	
–  Analy8c	in	Mathema8ca:	can	do	some	FTs	but	not	always	expressed	in	recognizable	way	
–  Graphical:	acer	iden8fying	components	of	a	transform,	sketch	the	an8cipated	result	
–  Numerical:	FFT	for	calcula8ng	complicated	or	realis8c	cases	for	modeling/data	analysis	

F ω( ) = f t( )e+ iωt dt = FT f t( ){ }
−∞

∞

∫
f t( ) = 1

2π
F ω( )e− iωt dt = FT −1 F ω( ){ }

−∞

∞

∫



FT	of	a	Gaussian	pulse	

•  Star8ng	integral:	
–  True	even	if	z	is	complex	

•  Complete	the	square	in	the	exponent…	

f t( ) = e− t2 /t02

e− z
2

dz
−∞

∞

∫ = π

FT f t( ){ } = F ω( ) = e− t
2 /t0

2

e+ iω t dt
−∞

∞

∫



FT	of	a	Gaussian	is	a	Gaussian	

•  Star8ng	integral:	
–  True	even	if	z	is	complex	

•  Complete	the	square	in	the	exponent	

–  Change	variables:	

e− z
2

dz
−∞

∞

∫ = π

− t
2

t0
2 + iωt = − 1

t0
2 t 2 − iω t t0

2( ) = − 1
t0
2 t − i

2
ω t0

2⎛
⎝⎜

⎞
⎠⎟
2

+ 1
4
ω 2 t0

4⎛

⎝⎜
⎞

⎠⎟

= − 1
t0
2 t − i

2
ω t0

2⎛
⎝⎜

⎞
⎠⎟
2

− 1
4
ω 2 t0

2

z = 1
t0

t − i
2
ω t0

2⎛
⎝⎜

⎞
⎠⎟

F ω( ) = e− t
2 /t0

2

e+ iω t dt
−∞

∞

∫ = t0e
−1
4
ω 2 t0

2

e− z
22

dz = π
−∞

∞

∫ t0 e
−1
4
ω 2 t0

2

f t( ) = e− t2 /t02 FT f t( ){ } = F ω( ) = e− t
2 /t0

2

e+ iω t dt
−∞

∞

∫



Other	transform	pairs:		
FT{rect]=sinc	and	Dirac	delta	

•  Rect(t/t0)	

•  Dirac	delta	
–  Limit:	

–  At	ω=0,	limit	is	∞	
–  ω≠0,	limit	is	0	in	sense	that	integral	over	rapid	osc	sin(	)	is	0	
–  Normaliza8on:		

rect t
t0

⎛
⎝⎜

⎞
⎠⎟
= 1 for t < t0

2

F ω( ) = rect t / t0( )e+ iωt dt
−∞

∞

∫ = e+ iωt dt
− t0 /2

t0 /2

∫ = 1
iω

e+ iωt0 /2 − e− iωt0 /2( )

= t0
sin ωt0 / 2( )
ωt0 / 2

= t0 sinc ωt0 / 2( )

δ t( )dt
−∞

∞

∫ = 1

δ ω( ) = lim
t0→∞

FT rect t / t0( ){ } = lim
t0→∞

t0 sinc ωt0 / 2( )⎡⎣ ⎤⎦

FT 1{ } = 2πδ ω( ) FT −1 1{ } = δ t( )



Time-bandwidth	product	

•  “uncertainty	principle”	comes	from	FT	rela8ons	

–  Pulse	dura8on:		t0	
–  Spectral	width	(bandwidth):	δω	=	2/t0	
–  Time-bandwidth	product:			t0δω	=	2	

•  This	rela8on	depends	on	how	widths	are	defined	
–  Here	we’ve	been	using	1/e	half	width	in	the	field	
–  For	FWHM	in	intensity:	

FT e− t
2 /t0

2( )→ t0 e
−1
4
ω 2 t0

2

E t( ) = E0e−2 ln2t
2 /τ 2 → I t( )∝ e−4 ln2t

2 /τ 2

τ = t0 2 ln2 Δω = δω 2 ln2

t0δω = 2 = τΔω
2 ln2

→τΔω = 4 ln2 ≈ 2.77 τ Δν = 4 ln2
2π

≈ 0.44



Bandwidth	for	transform-limited	pulses	

•  The	bandwidth	in	frequency	space	is	independent	of	
the	central	frequency	
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Train	of	Gaussian	pulses	

•  Typical	scenario:	1	pulse	per	round	trip	

•  What	is	spectrum	of	a	pulse	train?		

.			.			.	.			.			.	

Spacing:	6ns		
				(3c	cavity	length)	
Dura8on:	100ps	
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Spectrum	of	a	pulse	pair	

•  Spectrum	=	|FT{field	in	8me	domain}	|2		
–  Add	a	pulse	to	a	copy	of	the	pulse	with	8me	delay	
–  Calculate	the	spectrum			

•  Spectrum	of	delayed	pulse:		

–  Give	a	phase	shic	(shic	theorem)	

•  Spectrum	of	two	pulses:		
	
FT E t −T( ){ }= E ω( )eiωT

FT f t −T( ){ } = f t −T( )e+ iωt dt
−∞

∞

∫

f t '( )e+ iω t '+T( ) dt
−∞

∞

∫ = F ω( )eiωT

Let	t’=	t-T	

		E ω( )+E ω( )eiωT 2
= E ω( ) 2 1+eiωT 2

= E ω( ) 24cos2 ωT /2( )



Two	pulse	spectrum	

•  Spectral	interference	of	two	pulses	is	like	the	double-
slit	interference	

		E ω( )+E ω( )eiωT 2
= 4 E ω( ) 2cos2 ωT /2( )

��������
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Mul4pulse	spectrum	

•  As	more	pulses	are	added,	fringes	turn	into	discrete	
peaks	

��������
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Comb	func4on	

•  Define	the	comb	func8on	

•  A	pulse	train	can	be	wriken	as	a	convolu8on	
		
comb t /T( )≡ δ t −nT( )

n=−∞

∞

∑

		
f t( )⊗δ t −T( ) = f t −t '( )

−∞

∞

∫ δ t '−T( )dt '= f t −T( )

⊗

		e
−t2/t02 ⊗comb t /T( )

è	

⊗ è	

-4T		-3T	-2T		–T				0					T				2T		3T		4T	

.			.			.	.			.			.	



Array	theorem:	FT	of	comb(	)	

•  Basic	FT	is	straigh�orward:	

	
•  This	is	actually	a	comb	func8on	also		
•  Since	comb(	)	is	a	periodic	func8on	(period	T),	we	can	
write	as	a	Fourier	series:		

		
f t( ) = comb t /T( )≡ δ t −nT( )

n=−∞

∞

∑
	
F ω( ) = FT δ t −nT( ){ }=

n=−∞

∞

∑ eiω nT
n=−∞

∞

∑

		
f t( ) = c

n
ei2π nt/T

n
∑

		
c
n
= 1
T

f t( )e− i2π nt/T
−T/2

T/2

∫ = 1
T

δ t( )e− i2π nt/T
−T/2

T/2

∫

–T/2									T/2	Integrate	over	one	period,	but	we	can	extend	integral	to	±∞	

		
c
n
= 1
T 		

∴comb t /T( ) = 1
T

e2πnt/T
n=−∞

∞

∑



Array	theorem	(cont)	

•  Now	take	FT:	

•  So	FT{comb}	=	comb	
–  Frequency	spacing	Δω=2π/T		or		Δν=1/T	

		
f t( ) = comb t /T( ) = 1

T
e2πnt/T

n=−∞

∞

∑

		
F ω( ) = 1

T
FT e2πnt/T{ }= 1Tn=−∞

∞

∑ 2πδ ω + 2πn
T

⎛
⎝⎜

⎞
⎠⎟n=−∞

∞

∑

		
F ω( ) = 2π

T
comb

ω
2π T

⎛
⎝⎜

⎞
⎠⎟



Spectrum	of	a	pulse	train	

•  Gain	envelope	on	longitudinal	mode	spectrum	

		e
−t2/t02 ⊗comb t /T( )

		

FT e−t
2/t02 ⊗comb t /T( ){ }

= e−t0
2ω2/4 comb ω /Δω( )

X	 =	

T	is	pulse	spacing	=	round	trip	8me	in	laser	resonator	
Δν=1/T	=	spacing	of	peaks	in	frequency	
				=	longitudinal	mode	spectrum		



Spectrum	of	a	pulse	train	

•  Reverse	reasoning:	mul8ply	gain	envelope	on	longitudinal	
mode	spectrum	

exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

comb ω /δω( ) exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
⋅comb ω /δω( )

FT exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
⋅comb ω /δω( )

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= FT exp −
ω −ω 0( )2
Δω 2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
⊗ 1
δω

comb t / (2π /δω )( )

Gain	spectrum	

Longitudinal	mode	spectrum	

Pulse	train	output	



Mode-locking:	4me-domain	

•  Ac8ve	mode-locker:	periodically	modulate	losses	at	RT	8me		

•  Pulse	dura8on	is	connected	to	modula8on	depth	
•  Picture	doesn’t	explain	how	pulse	can	be	much	shorter	than	

round	trip	8me	

fmod t( ) = 1− acos2 2π t /TRT( )
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Modulator	acts	as	a	“window”	for	a	pulse	
to	be	transmiked	



Mode	locking:	frequency	domain	

•  Random	phases	produces	noisy	output	
•  Modes	must	be	“locked”	in	phase	to	produce	pulses	
•  Frequency	domain	representa8on	of	modulator:	

fmod t( ) = 1− acos2 ωM t( )
FT fmod t( ){ } = FT 1{ }− aFT cos2 ωM t( ){ }
cos2 π t /TRT( ) = 1

4
eiωM t + e− iωM t( )2 = 14 2 + e

i2ωM t + e− i2ωM t( )

ω0	

ω0+2ωM	ω0-2ωM	

Adjust	2ωM	to	match	longitudinal	
mode	spacing.		
	
Coherent	seeding	cascades	to	all	
modes	with	gain.		



Ac4ve	mode-locking	

•  Two	mechanisms	affect	the	evolu8on	of	the	pulse	
–  Time-dependent	transmission	narrows	the	pulse	in	8me	
–  ω-dependent	gain	narrows	the	spectrum	(longer	in	8me)	

•  Look	for	a	pulse	shape	that	repeats	itself	on	each	round	trip	
(like	spa8al	mode	does)	

•  With	small	change	to	pulse	for	each	individual	element	in	cavity,	
we	can	treat	them	as	distributed	
–  Leads	to	a	master	differen8al	equa8on	for	pulse	
–  Solu8on	for	the	pulse	shape	is	an	eigenfunc8on	of	the	equa8on	

•  Assume	τ21>>TRT	
•  Assume	laser	is	opera8ng	steady-state	CW:	one	pulse	per	RT,	

e.g.	100	GHz	repe88on	rate	for	a	5’	long	resonator.	
	



Propaga4on	equa4on:	spectral	gain	

•  Pulse	sees	saturated	gain	based	on	average	intensity	

•  Gain	varies	with	frequency:		

–  Expand	this	near	the	central	frequency	

g0 =
g

1+ I / Isat

I

Isat =
hν0

σ pkτ 21
g =σ pkN0

Steady	state	small-sig	gain	
coeff.	N0	=	Nth		

g0 (ω ) =
g0

1+
2 ω −ω 0( )

Δω 0

⎛
⎝⎜

⎞
⎠⎟

2 Lorentzian	profile	

g0 (ω ) ≈ g0 1− 4
ω −ω 0( )2
Δω 0

2

⎛

⎝
⎜

⎞

⎠
⎟ G ω( ) = eg0 ω( )



Gain	effect	in	frequency	domain	

•  We	want	to	develop	propaga8on	equa8on	for	the	envelope	of	
the	pulse	in	the	8me	domain.	

•  In	spectral	domain,	effect	of	gain	is	mul8plica8ve:		

•  For	small	gain,		

E t( ) = A t( )e− iω0t+φ

→ A ω −ω 0( ) = FT A t( )e− iω0t{ } ≡ A t( )ei ω−ω0( )t dt
−∞

∞

∫ Note	use	of	shic	thm	

′A ω −ω 0( ) = A ω −ω 0( )G ω −ω 0( ) = A ω −ω 0( )exp g0 1− 4
ω −ω 0( )2
Δω 0

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

′A ω −ω 0( ) ≈ 1+ g0 1− 4
ω −ω 0( )2
Δω 0

2

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟ A ω −ω 0( )



Gain	effect	in	4me	domain	

•  Use	inverse	FT	to	calculate	shape	of	amplified	pulse	

•  Make	use	of	a	FT	property:	

′A t( ) = FT −1 ′A ω −ω 0( ){ }

FT dn

dt n
A t( )⎧

⎨
⎩

⎫
⎬
⎭
= −i ω −ω 0( )⎡⎣ ⎤⎦

n
A ω −ω 0( ) Take	FT	defini8on,	

then	deriva8ve.	

′A t( ) = 1+ g0 1+
2

Δω 0

⎛
⎝⎜

⎞
⎠⎟

2
d 2

dt 2
⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
A t( ) = T̂gA t( )

This	opera8on	in	the	8me	domain	has	the	same	
effect	as	in	the	frequency	domain.			
	

A(t)	

d2A(t)/dt2	

A(t)	
+d2A(t)/dt2	



Effect	of	modulator	in	4me-domain	

•  Modulator	loss	shortens	pulse	in	8me	domain	
–  Double-pass	transmission	

–  Assume	low	loss	

–  Expand	around	pulse	peak	(t=0)	

•  Also	write	operator	for	passive	loss:	

Tm t( ) = e−γ m 1−cos ωmt( )( )

Tm t( ) ~1−γ m 1− cos ωmt( )( )

T̂m = 1− γ m

2
ωmt( )2

T̂l = e
−γ ≈1−γ



Propaga4on	equa4on	for	mode-locked	pulse	

•  Effect	of	one	round-trip	on	cavity	is	

•  Stable	solu8on	is	an	eigenfunc8on	of	this	equa8on	
•  Differen8al	form:		

•  Same	form	as	Schrodinger	eqn	for	SHO		

′A t( ) = T̂gT̂lT̂mA t( )

′A t( ) = g0 1+
2

Δω 0

⎛
⎝⎜

⎞
⎠⎟

2
d 2

dt 2
⎛

⎝
⎜

⎞

⎠
⎟ −γ − γ m

2
ωm

2t 2
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
A t( )



Stable	mode-locked	pulse	

•  Solu8on	follows	Hermite-Gaussian	form:	

–  Only	n	=	0	is	actually	stable	
•  FWHM	pulse	dura8on:		

•  Nd:YAG	example:	

•  Ac8ve	mode-locking	is	limited	by	rela8vely	slow	ac8on	of	the	
modulator	(small	νm)	
–  Passive	mode	locking	can	produce	much	shorter	pulses!	

A t( ) = Hn ω pt( )e−ω p
2t2 /2

ω p =
γ m

2g0

⎛
⎝⎜

⎞
⎠⎟

1/4
ωmΔω 0

2
⎛
⎝⎜

⎞
⎠⎟
1/2

τ p =
2 ln2
ω p

= 2 ln2 2g0
γ m

⎛
⎝⎜

⎞
⎠⎟

1/4
2

ωmΔω 0

⎛
⎝⎜

⎞
⎠⎟

1/2

= 2 2 ln2
π 2

⎛

⎝⎜
⎞

⎠⎟

1/2
g0
γ m

⎛
⎝⎜

⎞
⎠⎟

1/4
1

νmΔν0

⎛
⎝⎜

⎞
⎠⎟

1/2

~0.45	 ~1	

Δν0 = 120GHz νm = 76MHz →τ p ≈150ps



Passive	mode	locking	

•  Introduce	a	nonlinear	effect	so	that	there	is	lower	loss	
with	a	pulse	than	without	
–  If	NL	response	is	fast,	the	modula8on	can	lead	to	much	
shorter	pulses	than	with	ac8ve	mode-locking	

•  Kerr-lens	mode-locking	
–  Non-linear	refrac8ve	index:	higher	refrac8ve	index	during	
pulse	

–  High	refrac8ve	index	in	center	of	beam:	posi8ve	lens	
–  NL	lens	changes	stability	of	cavity	
–  Align	cavity	to	be	stable,	lower	loss	with	pulse	than	CW	


