
Pulse	characteriza.on	

•  How	do	we	know	when	the	pulse	is	short?		
•  Can	we	measure	the	phase	of	a	pulse?	

•  Field	autocorrela.on	
•  Intensity	autocorrela.on	
–  Collinear	
–  Non-collinear	

•  Frequency-resolved	op.cal	ga.ng	
•  Dispersion	scan		



Example:	Michelson	interferometer	

•  calculate	output	intensity	
–  50-50	beamspliJer	for	power	

–  TransmiJed	field:		
•  b/s	
•  Return	
•  Detector	

–  Reflected	field	at	detector	

–  Total	field	at	detector	
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Michelson:	output	intensity	

•  Calculate	intensity	of	output	
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In	terms	of	input	intensity	
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Michelson:	.me-dependent	fields	

•  Now	consider	the	case	where	the	field	has	.me	
dependence	

–  This	implicitly	is	a	.me	average	over	the	fast	.mescale	of	
the	carrier	

•  Now	average	over	a	much	longer	.me	

Ein t( ) = x̂E0 (t)e− iω0 t → Eout t( ) = 1
2 Ein t( )−Ein t −τ( )( )
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This	part	is	the	field	autocorrela.on	 EAC τ( ) = E0 t( )E0* t +τ( )dt
−∞

∞

∫
EAC	is	an	even	func.on	of	τ,	so	let	τ	=	-τ	



Autocorrela.on	(Wiener-Khinchin)	theorem	

•  Connect	the	autocorrela.on	to	the	spectrum	

fAC τ( ) = f t( ) f * t +τ( )dt∫

FTτ f t( ) f * t +τ( )dt∫{ } = f t( ) f * t +τ( )dt eiωτ dτ∫∫

autocorrela.on	

= f t( )dt f * t +τ( )eiωτ dτ∫∫ = f t( )dt f t +τ( )e− iωτ dτ∫⎡⎣ ⎤
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⎦∫
*
= f t( )dt F −ω( )⎡⎣ ⎤⎦∫

*
e− iωt

= F* −ω( ) f t( )e− iωt dt∫ = F* −ω( )F −ω( )

FTτ fAC t( ){ } = F ω( ) 2If	f(t)	is	real,	then	F(ω)	is	even,	and		



Fourier	transform	spectrometer	

•  Measure	interference,	subtract	DC,	FT	to	get	
spectrum	
–  Single	detector,	beJer	signal/noise	
–  OUen	used	in	IR	(FTIR)	

hJp://chemwiki.ucdavis.edu/Physical_Chemistry/Spectroscopy/Vibra.onal_Spectroscopy/
Infrared_Spectroscopy/How_an_FTIR_Spectrometer_Operates	



Coherence	.me	

•  Note	that	for	large	.me	
delay,	.me	averaged	signal	
is	constant	(sum	of	two	
intensi.es)	

•  Beyond	“coherence	.me”	no	
interference	

•  Coherence	.me	is	inverse	of	
spectral	bandwidth	

Tc ≡ 1/ Δν



Intensity	autocorrela.on	

•  Second	harmonic	genera.on	leads	to	a	signal	that	is	
dependent	on	the	square	of	the	intensity	
	

•  Sum-frequency	mixing	signal	is	the	product	of	the	
intensity	of	two	beams	
–  Collinear			 		

–  Non-collinear	

	

		E2 ∝ I1
2 t( )dt∫ Detector	integrates	fast	signal	

		E2 τ( )∝ I1a t( )I1b t −τ( )dt∫

		E2 τ( )∝ E1a t( )+E1b t −τ( ) 2dt∫



Collinear	autocorrela.on	

•  Mixing	signal	interferes	with	doubling	signal	

–  Interference	between	terms	leads	to	an	8:1	ra.o	between	
peak	and	SH	background	

		E2 τ( )∝ E1a t( )+E1b t −τ( ) 4dt∫

		
E2 τ( )∝ E1a t( ) 2 + E1b t −τ( ) 2 +E1a * t( )E1b t −τ( )+E1a t( )E1b * t −τ( )⎛

⎝⎜
⎞
⎠⎟
2
dt∫

Doubling	terms	 Mixing	terms	



Non-collinear	autocorrela.on	

•  By	crossing	beams,	mixing	signal	travels	between	two	
beams	
–  Output	is	background	free	
–  Some	indica.on	of	pulse	structure,	but	not	a	complete	
characteriza.on	

Third-order	autocorrela.on	is	also	possible:		
-  Mix	SH	with	fundamental	
-  Used	for	measuring	ASE	background	



Frequency-resolved	op.cal	ga.ng	(FROG)	

•  Measure	the	spectrum	of	the	mixing	signal	for	each	delay	
–  Algorithm	to	retrieve	amplitude	and	phase	of	field	

•  Guess	field,	generate	FROG	trace	
•  Use	measured	FROG	trace	to	produce	new	guess,	iterate	

–  Second-order	FROG	is	symmetric	in	delay	
•  Can’t	tell	which	pulse	is	first	–	can’t	tell	ordering	of	.me	in	output	
trace,	or	sign	of	spectral	phase.		

•  Use	a	second	measuremnet	(e.g.	add	known	extra	chirp)		



Sample	FROG	traces	and	deconvolved	pulses	

Soliton	dynamics	in	the	mul.photon	plasma	regime:	Scien+fic	Reports	3,	1100	(2013)	



Dispersion	scan	

•  An	alterna.ve	to	FROG	uses	a	single	pulse,	with	
control	over	dispersion	added	to	the	pulse	
–  Sinusoidal	phase:	MIIPS	
–  Prism	or	gra.ng	compressor	phase	

•  Easiest	way	to	understand	trace	is	if	the	external	
phase	is	pure	second-order:	
–  If	the	pulse	has	only	2nd	order	phase,	then	we	can	measure	
how	much	there	is	by	seeing	how	much					must	be	added	
to	compress	the	pulse	

–  In	general,	the	peak	of	the	SH	is	at	the	frequency	where		

2φ

2
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ϕ φ
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Pure	2nd	order	phase	dispersion	scan	(D-
scan)	pulse	characteriza.on	

•  Measure	second	
harmonic	spectrum	
as	func.on	of	
added	ϕ2		

•  Directly	measure	
d2ϕ/dω2	of	pulse	

No	chirp	

ϕ2	=		3x103	fs2	

ϕ3	=		3x104	fs2	

ϕ4	=		1x106	fs4	

additional ϕ2	

SH
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Quasi-monochroma.c	fields	

•  Earlier	we	had	worked	with	single-frequency	fields,	for	
example:	

•  Now	we	want	to	work	with	field	with	a	more	general	temporal	
shape.	
–  Assume	linear	polariza.on,	plane	waves	in	z-direc.on	

•  Separate	P	into	linear	and	nonlinear	components:		

•  Group	linear	terms	together		

E z,t( ) = x̂Ex cos kzz −ωt( )
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Wave	equa.on	in	frequency	space	

•  Represent	all	signals	in	ω	space:	

•  Now	we	can	connect	D	and	E:	

•  Put	these	expressions	into	the	WE,	do	.me	deriva.ves	inside	
integral:	

•  Now	work	to	get	back	into	.me	domain.		
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Field	with	slowly	varying	envelope	

•  We	went	to	ω	space	to	be	able	to	easily	include	dispersion	

•  Represent	field	in	terms	of	a	slowly-varying	amplitude	

–  By	shiU	theorem:	

•  Put	this	into	the	wave	equa.on:		
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Taylor	expansion	of	dispersion	

•  Do	a	Taylor	expansion	for	k(ω):	

–  D	includes	all	high-order	dispersion,	will	ignore	for	now	

–  Expand	k	squared,	drop	terms	higher-order	than	2	
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Transform	back	to	.me	domain	

•  Now	inverse	FT	to	go	back	to	.me	domain	
–  Mul.ply	by 											,	integrate		

–  Deriva.ve	theorem:		
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NL	polariza.on	in	the	.me	domain	

•  In	the	.me	domain,	write	PNL	in	terms	of	an	envelope	
and	carrier:	

   
!PNL z,t( ) = !p z,t( )ei k0z−ω0t( )
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Slowly	varying	envelope	
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Refererence	frame	moving	at	group	velocity	

•  Re-group	terms:	

–  Define	moving	coordinates	 ′z = z τ = t − k1z

1
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′∂ ∂ ∂ ∂ ∂= + =

′∂ ∂ ∂ ∂
∂ ∂−
′∂ ∂∂

∂
∂t

= ∂
∂τ

2 2
2

1 12 2

22

12 2k k
zz

k
zz τ τ τ

∂ ∂ ∂ ∂ ∂− +
′ ′

∂ ∂
∂

⎛ ⎞= − =⎜ ⎟′∂ ∂ ∂⎝ ⎠ ∂ ∂ ∂

   

∂2

∂z2 + 2ik0

∂
∂z

+ k1

∂
∂t

⎛
⎝⎜

⎞
⎠⎟
− k1

2 + k0k2( ) ∂
2

∂t2

⎡

⎣
⎢

⎤

⎦
⎥ !A = −

ω 0
2

ε0c
2
!p

   

∂2

∂ ′z 2 − 2k1

∂
∂ ′z

∂
∂τ

+ k1
2 ∂2

∂τ 2 + 2ik0

∂
∂ ′z

− k1

∂
∂τ

+ k1

∂
∂t

⎛

⎝⎜
⎞

⎠⎟
− k1

2 + k0k2( ) ∂2

∂t2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
!A = −

ω 0
2

ε0c
2
!p

   
−2k1

∂
∂ ′z

∂
∂τ

+ 2ik0

∂
∂ ′z

− k0k2

∂2

∂t2

⎡

⎣
⎢

⎤

⎦
⎥ !A = −

ω 0
2

ε0c
2
!p Drop	2nd	deriva.ve	

Slowly-varying	envelope	approx	



Simplify	to	the	NLS	

•  Group	terms	

–  Define	NL	polariza.on	envelope	in	terms	of	intensity	
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Again,	by	SVEA,	drop	
second	term	
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NLS	deriva.on:	observa.ons	

•  w/o	nonlinearity,	2nd	order	dispersion	changes	pulse	
dura.on	

–  higher-order	phase	terms	are	higher	deriva.ves	

•  w/o	dispersion,	pulse	experiences	SPM	
–  Spectrum	is	broadened	

input	

2nd	deriva.ve	

   
∂
∂ ′z
!A = −i 1

2
k2

∂2 !A
∂t2

   
!Aj+1 = !Aj+1 + Δz −i 1

2
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∂2 !A
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⎛
⎝⎜

⎞
⎠⎟



Fourier	split-step	scheme	for	numerical	solu.ons	

•  Rough	outline	
–  Set	up	grids,	input	pulse	
–  Represent	pulse	in	frequency	domain,	advance	one	step	in	
z	to	apply	dispersion	
–  Inverse	FT	to	.me	domain,	advance	same	step	in	z	to	apply	
nonlinear	phase	shiU	
–  FT	back	to	frequency	–	repeat	

•  Advanced	varia.ons	
–  Stagger	steps	(½	step	for	dispersion,	full	for	NL,	½	
dispersion)	
–  Since	dispersion	is	evaluated	in	freq	space,	can	use	high-
order	w/o	approxima.on	



Applica.ons	of	split	step	method	

•  NL	propaga.on	of	pulses	in	fibers	
–  No	spa.al	varia.on	for	guided	mode	

–  Describes	soliton	dynamics,	pulse	compression	

•  Apply	to	other	domains:		
–  QM	evolu.on	of	par.cle	wavepackets	
–  Spa.al	propaga.on	
–  Mixed	spa.o-temporal	propaga.on	



NL	propaga.on	examples	

•  Low	intensity:		



NL	propaga.on	examples:	solitons	

•  N	=	1	

•  N=2		


