
PHGN570:	Physical	and	Fourier	Op:cs	

Today:		
Transform	pairs	
Transform	theorems	



Fourier	transforms:	t-ω	domain	

•  In	EM,	our	signals	are	complex	fields	

•  1/2π	factor	is	lumped	into	inverse	transform	
•  ω	is	our	frequency	variable,	not	ν.	This	affects	the	normalizaJon	constants.	

•  Note	signs	of	exponents:	this	is	Jed	to	our	exp(-i	ω	t)	convenJon	
•  Techniques	

–  AnalyJc:	apply	transform	IDs	and	theorems	to	decompose	a	transform	into	its	parts	

–  AnalyJc	in	MathemaJca:	can	do	some	FTs	but	not	always	expressed	in	recognizable	way	

–  Graphical:	aRer	idenJfying	components	of	a	transform,	sketch	the	anJcipated	result	

–  Numerical:	FFT	for	calculaJng	complicated	or	realisJc	cases	for	modeling/data	analysis	
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Transform	pair:	rect-sinc	

•  Rect(t/t0)	 rect t
t0
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FT	of	a	Gaussian	pulse	

•  StarJng	integral:	
–  True	even	if	z	is	complex	

•  Complete	the	square	in	the	exponent…	
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FT	of	a	Gaussian	is	a	Gaussian	

•  StarJng	integral:	
–  True	even	if	z	is	complex	

•  Complete	the	square	in	the	exponent	

–  Change	variables:	
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Transform	pairs:	Dirac	delta	

•  Dirac	delta	
–  Limit:	

–  At	ω=0,	limit	is	∞	

–  ω≠0,	limit	is	0	in	sense	that	integral	over	rapid	osc	sin(	)	is	0	
–  NormalizaJon:		 δ t( )dt
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Time-bandwidth	product	

•  “uncertainty	principle”	comes	from	FT	relaJons	

–  Pulse	duraJon:		t0	
–  Spectral	width	(bandwidth):	δω	=	2/t0	
–  Time-bandwidth	product:			t0δω	=	2	

•  This	relaJon	depends	on	how	widths	are	defined	
–  Here	we’ve	been	using	1/e	half	width	in	the	field	
–  For	FWHM	in	intensity:	
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Bandwidth	for	transform-limited	pulses	

•  The	bandwidth	in	frequency	space	is	independent	of	
the	central	frequency	
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Symmetry	properJes	of	FT	



FT	theorems	
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ShiR	theorem	

•  ShiR	in	Jme	leads	to	a	phase	shiR	in	frequency	

–  Change	variables:	

•  Similarly,			
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ShiR	theorem:	square	pulse	

•  Gated	CW	laser	beam	

•  Get	expression	for	result,	make	sketch			
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ShiR	theorem:	square	pulse	

•  Gated	CW	laser	beam	
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ShiR	theorem:	spectral	interferogram	

•  Michelson	or	Mach-Zehnder	interferometer	output	
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ShiR	theorem:	spectral	interferogram	

•  Michelson	or	Mach-Zehnder	interferometer	output	
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		ftot t( ) = e−t2/t02 +e− t−ts( )2/t02

		Ftot ω( ) = F ω( )+F ω( )eiω t0

		

F
tot

ω( ) 2 = F ω( ) 2 1+eiω t0 2

= F ω( ) 2 2+ cos ω t0( )( )
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Two	pulse	spectrum	

•  Spectral	interference	of	two	pulses	is	like	the	double-
slit	interference	

		E ω( )+E ω( )eiωT 2
= 4 E ω( ) 2cos2 ωT /2( )
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Combine	spaJal	resoluJon	with	
spectral	interferometry	to	measure	
both	spaJal	wavefront	and	spectral	
phase	
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Parseval’s	theorem	

FT	gives	a	different	representa(on	of	the	signal.	Energy	must	be	conserved.	
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Gather	ω	terms	

Note	independent	integrals	for	t,	t’	
Apply	conjugaJon	inside	integral	
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ConvoluJon	theorem	

FT	of	the	product	of	two	funcJons	is	the	convoluJon	of	the	transforms	

FT f t( )g t( ){ } = 1
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Swap	order	of	integraJon:	t	first	

Note	independent	variables	for	ω,	ω’	
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Inverse	FT	of	the	product	of	two	funcJons	is	the	convoluJon	of	the	transforms	

FT −1 F ω( )G ω( ){ } = f t( )⊗ g t( )



Graphical	approach	to	convoluJon	
Input	func:ons	

output	

Graphical	view	



Smoothing	effects	


